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Preface

This textbook has evolved from class notes used for a course in systematic design
of mechanisms that the author has taught for over a decade. Although it is written
primarily for senior and first-year graduate level students in engineering, it is equally
valuable for practicing engineers, particularly for mechanism and machine designers.

Traditionally, mechanisms are created by the designer’s intuition, ingenuity, and
experience. This ad hoc approach, however, cannot ensure the identification of all
feasible design alternatives, nor does it necessarily lead to an optimum design. Two
approaches have been developed to alleviate the problem. The first involves the
development of atlases of mechanisms grouped according to function for use as a
primary source of ideas. The second makes use of a symbolic representation of
the kinematic structure and the combinatorial analysis as a tool for enumeration of
mechanisms.

This textbook introduces a systematic methodology for the creation and classifi-
cation of mechanisms. The approach is partly analytical and partly algorithmic. It
is based on the idea that, during the conceptual design phase, some of the functional
requirements of a desired mechanism can be transformed into structural characteris-
tics that can be employed for systematic enumeration of mechanisms. The kinematic
structure of a mechanism contains the essential information about which link is con-
nected to which other link by what type of joint. Using graph theory, combinatorial
analysis, and computer algorithms, kinematic structures of the same nature, i.e., the
same the number of degrees of freedom, type of motion (planar or spatial), and com-
plexity can be enumerated in an essentially systematic and unbiased manner. Then
each mechanism structure is sketched and evaluated with respect to the remaining
functional requirements. This results in a class of feasible mechanisms that can be
subject to dimensional synthesis, kinematic and dynamic analyses, design optimiza-
tion, and design detailing.

This textbook is organized as follows:

Chapter 1 provides a brief review of the design process and a systematic method-
ology for creation of mechanisms. Some terminologies related to the kinematics of
mechanism are defined. Mechanisms are classified according to the nature of motion
into planar, spherical, and spatial mechanisms.
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Chapter 2 is concerned with the basic concepts of graph theory, which is essential for
structural analysis and structural synthesis of mechanisms. This material is extremely
important since the design methodology employs graphs to represent the mechanism
structure and mechanism structures are enumerated with the aid of graph theory.

Chapter 3 introduces several methods of representation of the kinematic structure
of mechanisms. The kinematic structure, which contains the essential information
about which link is connected to which other links by what types of joint, will be used
for enumeration of mechanisms.

Chapter 4 examines the structural characteristics of mechanisms. The correspon-
dence between graph and mechanism is established, from which several important
mechanism structural characteristics are derived. The degrees of freedom of a mecha-
nism, the loop-mobility criterion, the concept of structural isomorphism, and various
methods of identification of structural isomorphism are described.

Chapter 5 deals with the enumeration of graphs of kinematic chains. Systematic
algorithms for the enumeration of contracted and conventional graphs are presented.
Atlases of contracted graphs and conventional graphs are developed. Using these
atlases, an enormous number of mechanisms can be developed.

Chapter 6 describes a general procedure for the enumeration and classification of
mechanisms. Planar bar linkages, geared mechanisms, cam mechanisms, spherical
mechanisms, and spatial mechanisms are enumerated and classified according to the
number of degrees of freedom, the number of independent loops, etc.

Chapter 7 covers the enumeration and classification of epicyclic gear trains (EGTs).
The structural characteristics of EGTs are identified. Various methods of enumeration
including Buchsbaum and Freudenstein’s method, the genetic graph approach, and
the parent bar linkage method are discussed. Furthermore, the theory of fundamental
circuits is introduced for the speed-ratio analysis of EGTs.

Chapters 8 and 9 offer several conceptual design examples to demonstrate the
power of the methodology. Chapter 8 concentrates on the enumeration of automotive
mechanisms, whereas Chapter 9 involves the enumeration of robotic mechanisms.
Atlases of parallel manipulators and robotic wrist mechanisms are developed.

Appendix A presents an algorithm for solving a system of m linear equations in n
unknowns. A nested do-loops algorithm serves as the basis for systematic enumera-
tion of mechanisms. Appendix B provides an atlas of contracted graphs having two to
four independent loops. Appendix C is comprised of an atlas of graphs of kinematic
chains having up to three independent loops and eight links. Appendix D offers an
atlas of planar linkages with one, two, and three degrees of freedom. Appendix E
contains an atlas of spatial one-dof, single-loop kinematic chains. Appendix F in-
cludes an atlas of epicyclic gear trains classified according to the number of degrees of
freedom, the number of independent loops, and the vertex degree listing. Appendix G
furnishes the schematic diagrams and clutching sequences of some commonly used
epicyclic transmission gear trains.

Prerequisites for readers of this textbook include the basic concepts of combinato-
rial analysis, graph theory, matrix theory, and the kinematics of mechanisms that are
usually taught at the undergraduate level. Thomas Edison said, “genius is one percent
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inspiration and ninety-nine percent perspiration.” Inspiration can occur more readily
when perspiration is properly directed and focused. The methodology presented in
this book is intended to help designers better organize the perspiration so that the
inspiration can take place early in the design process. For those who are willing to
try, the rewards should be well worth it.

The author wishes to express his sincere appreciation to Dr. Bernard Roth, his for-
mer Ph.D. advisor at Stanford University, and Dr. Ferdinand Freudenstein, Professor
Emeritus at Columbia University, for their lifelong advice and encouragement. A ma-
jor portion of the material presented in this textbook is derived from Dr. Freudenstein
and his former students’ research results. Others are taken from the author’s research
in collaboration with professional colleagues, Ting Liu and Roland Maki, and with his
former students, Sun-Lai Chang, Goutam Chatterjee, Dar-Zen Chen, Hsin-I Hsieh,
Chen-Chou Lin, Richard Stamper, and Farhad Tahmasebi. Their efforts are greatly
appreciated. Lastly, the author appreciates the patience and sacrifice of his family
members, Lung-Chu Tsai, Jule Ann Tsai, and David Jeanchung Tsai, over the past
few years while the textbook was being written.

Lung-Wen Tsai
Riverside, California
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Chapter 1

Introduction

1.1 Introduction

Design is the creation of synthesized solutions in the form of products or systems
that satisfy customer’s requirements [9, 25, 30, 34]. When we are given a design
problem, we try to make the best use of our knowledge and the available information
to understand the problem and generate as many feasible solutions as possible. Then,
we evaluate these concepts against the customer’s requirements and select a most
promising concept for design analysis and design optimization. We may think of the
design as a mapping of the customer’s requirements into a physical embodiment. The
better we understand the problem associated with the customer’s requirements, the
better design we can achieve.

The design process can be logically divided into three interrelated phases: (1) prod-
uct specification and planning phase, (2) conceptual design phase, and (3) product
design phase. During the product specification and planning phase, we identify the
customer’s requirements and translate them into engineering specifications in terms
of the functional requirements and the time and money available for the development,
and plan the project accordingly. In the conceptual design phase, we generate as
many design alternatives as possible, evaluate them against the functional require-
ments, and select the most promising concept for design detailing. A rough idea of
how the product will function and what it will look like is developed. In the product
design phase, we perform a thorough design analysis, design optimization, and simu-
lation of the selected concept. Function, shape, material, and production methods are
considered. Several prototype machines are constructed and tested to demonstrate
the concept. Finally, an engineering documentation is produced and the design goes
into the production phase. However, if the concept selected for the product design
is shown to be impractical, it may be necessary to go back to the conceptual design
phase to select an alternate concept or to generate additional concepts. In this re-
gard, it may be necessary to reevaluate the engineering specifications developed in
the product specification and planning phase.

Design is a continuous process of refining customer requirements into a final prod-
uct. The process is iterative in nature and the solutions are usually not unique. It
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involves a process of decision making. A talented and experienced engineer can
often make sound engineering decisions to arrive at a fine product. Although the
third phase is usually the most time consuming phase, most of the manufacturing cost
of a product is committed by the end of conceptual design phase. According to a
survey, 75% of the manufacturing cost of a typical product is committed during the
first two phases. Decisions made after the conceptual design phase only have 25%
influence on the manufacturing cost. Therefore, it is critical that we pay sufficient
attention to the product specification and conceptual design phases. One approach
for the generation of concepts is to identify the overall function of a device based
on the customer’s requirements, and decompose it into subfunctions. Then, various
concepts that satisfy each of the functions are generated and combined into a complete
design. Techniques for generation of concepts include literature and patent search,
imitation of natural systems, analysis of competitor products, brainstorming, etc.

In this text, we concentrate on the conceptual design phase of mechanisms. The
conceptual design is traditionally accomplished by the designer’s intuition, ingenu-
ity, and experience. An alternate approach is to generate an atlas of mechanisms
classified according to functional characteristics for use as the sources of ideas for
mechanism designers [1, 17, 19, 20, 21, 24]. This approach, however, cannot en-
sure the identification of all feasible mechanisms, nor does it necessarily lead to an
optimum design.

Recently, a new approach based on an abstract representation of the kinematic
structure, which is somewhat similar to the symbolic representation of chemical
compounds, has evolved. The kinematic structure contains the essential information
about which link is connected to which other links by what types of joint. It can be
conveniently represented by a graph and the graph can be enumerated systematically
using combinatorial analysis and computer algorithms [6, 7, 8, 10, 13, 15, 35]. This
approach, which appears to be promising, is the basis of this text.

In the following, we briefly introduce the methodology and review some of the
fundamentals of the kinematics of mechanisms to facilitate the development of the
methodology.

1.2 A Systematic Design Methodology

The methodology is based on the application of graph theory and combinatorial
analysis. First, the functional requirements of a class of mechanisms are identified.
Then, kinematic structures of the same nature are enumerated systematically using
graph theory and combinatorial analysis. Third, each kinematic structure is sketched
and qualitatively evaluated according to its potential in meeting the functional re-
quirements. Finally, a promising concept is chosen for dimensional synthesis, design
optimization, computer simulation, and prototype demonstration. The process may
be iterated several times until a final product is achieved.
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We summarize the methodology as follows:

1. Identify the functional requirements, based on customers’ requirements, of a
class of mechanisms of interest.

2. Determine the nature of motion (i.e., planar, spherical, or spatial mechanism),
degrees of freedom (dof), type, and complexity of the mechanisms.

3. Identify the structural characteristics associated with some of the functional
requirements.

4. Enumerate all possible kinematic structures that satisfy the structural charac-
teristics using graph theory and combinatorial analysis.

5. Sketch the corresponding mechanisms and evaluate each of them qualitatively
in terms of its capability in satisfying the remaining functional requirements.
This results in a set of feasible mechanisms.

6. Select a most promising mechanism for dimensional synthesis, design opti-
mization, computer simulation, prototype demonstration, and documentation.

7. Enter the production phase.

We note that the methodology consists of two engines: a generator and an evaluator
as shown in Figure 1.1. Some of the functional requirements are transformed into the
structural characteristics and incorporated in the generator as rules of enumeration.
The generator enumerates all possible solutions using graph theory and combinatorial
analysis. The remaining functional requirements are incorporated in the evaluator
as evaluation criteria for the selection of concepts [3]. This results in a class of
feasible mechanisms. Finally, a most promising candidate is chosen for the product
design. The process may be iterated several times until a final product is achieved.
This methodology has been successfully applied in the structure synthesis of planar
linkages, epicyclic gear trains, automotive transmission mechanisms, variable-stroke
engine mechanisms, robotic wrist mechanisms, etc. [2, 3, 7, 12, 14, 22, 29, 31].

How many of the functional requirements should be incorporated in the generator is
amatter of engineering decision. The more functional requirements that are translated
into structural characteristics and incorporated in the generator, the less work is needed
from the evaluator. However, this may make the generator too complex to develop.
Generally, if a functional requirement can be written in a mathematical form, it should
be included in the generator. The method presented in this text is similar in a way to
that described in [36].

1.3 Links and Joints

We define a material body as a rigid body if the distance between any two points
of the body remains constant. In reality, rigid bodies do not exist, since all known
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FIGURE 1.1
A systematic mechanism design methodology.

materials deform under stress. However, we may consider a body as rigid if its
deformation under stress is negligibly small. The use of rigid bodies makes the
study of kinematics of mechanisms easier. However, for light-weight and high-speed
mechanisms, the elastic effects of a material body may become significant and must
be taken into consideration. In this text, unless otherwise stated, we shall treat all
bodies as being rigid. A rigid body may be considered as being infinitely large for
study of the kinematics of mechanisms.

The individual rigid bodies making up a machine or mechanism are called members
or links. For convenience, certain nonrigid bodies such as chains, cables, or belts,
which momentarily serve the same function as rigid bodies, may also be considered
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as links. From the kinematics point of view, two or more members connected together
such that no relative motion can occur between them will be considered as one link.

The links in a machine or mechanism are connected in pairs. The connection
between two links is called a joint. A joint physically adds some constraint(s) to the
relative motion between the two members. The kind of relative motion permitted by
a joint is governed by the form of the surfaces of contact between the two members.
The surface of contact of a link is called a pair element. Two such paired elements
form a kinematic pair.

We classify kinematic pairs into lower pairs and higher pairs according to the
contact between the paired elements. A kinematic pair is called a lower pair if one
pair of the element not only forms the envelope of the other, but also encloses it. The
forms of the lower pair elements are geometrically identical, one being solid while
the other is hollow. Lower pairs have surface contact. On the other hand, if the pair
elements do not enclose each other, we call the pair a higher pair. Higher pairs have
line or point contact between the element surfaces.

There are six lower pairs and two higher pairs that are frequently used in mecha-
nisms as shown in Figure 1.2. We describe each of them briefly as follows.

A revolute joint, R, permits two paired elements to rotate with respect to one another
about an axis that is defined by the geometry of the joint. Therefore, the revolute joint
is a one degree-of-freedom (dof) joint; that is, it imposes five constraints on the paired
elements. The revolute joint is sometimes called a turning pair, a hinge, or a pin joint.

A prismatic joint, P, allows two paired elements to slide with respect to each other
along an axis defined by the geometry of the joint. Similar to a revolute joint, the
prismatic joint is a one-dof joint. It imposes five constraints on the paired elements.
The prismatic joint is also called a sliding pair.

A cylindric joint, C, permits a rotation about and an independent translation along
an axis defined by the geometry of the joint. Therefore, the cylindric joint is a two-
dof joint. It imposes four constraints on the paired elements. A cylindric joint is
kinematically equivalent to a revolute joint in series with a prismatic joint with their
joint axes parallel to or coincident with each other.

A helical joint, H, allows two paired elements to rotate about and translate along
an axis defined by the geometry of the joint. However, the translation is related to
the rotation by the pitch of the joint. Hence, the helical joint is a one-dof joint. It
imposes five constraints on the paired elements. The helical joint is sometimes called
a screw pair.

A spherical joint, S, allows one element to rotate freely with respect to the other
about the center of a sphere. It is a ball-and-socket joint that permits no translations
between the paired elements. Hence, the spherical joint is a three-dof joint; that is, it
imposes three constraints on the paired elements. A spherical joint is kinematically
equivalent to three intersecting revolute joints.

A plane pair, E, permits two translational degrees of freedom on a plane and a
rotational degree of freedom about an axis that is normal to the plane of contact.
Hence, the plane pair is a three-dof joint; that is, it imposes three constraints on the
paired elements.
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FIGURE 1.2
Eight frequently used kinematic pairs.

A gear pair, G, permits one gear to roll and slide with respect to the other at the
point of contact between two meshing teeth. In addition, the motion space of each
gear is constrained on a plane perpendicular to its central axis of rotation. Therefore,
the gear pair is a two-dof joint. It imposes four constraints on the paired elements.
The meshing surfaces of a gear pair must satisfy the law of gearing and the diametric
pitch of a pair of gears must be equal to one another [23]. Figure 1.3 shows a spur gear
pair manufactured by Boston Gear. When the pitch diameter of one gear becomes
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infinitely large, it becomes a rack-and-pinion gear pair. A bevel gear pair may be
employed to change the direction of rotation.

-
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FIGURE 1.3
A spur gear pair. (Courtesy of Boston Gear, Boston, MA.)

Similar to a gear pair, a cam pair, Cp, allows a follower to roll and slide with respect
to the cam at the point of contact. However, the two mating surfaces of a cam pair
can virtually take any desired form [18]. A spring is incorporated to keep the two
paired elements in contact. Hence, the cam pair is also a two-dof joint.

Further, there is a commonly used composite joint called the universal joint as
shown in Figure 1.4. A universal joint is made up of two intersecting revolute joints.
Therefore, it is a two-dof joint. The universal joint is sometimes referred to as the
Hooke joint or Cardan joint. Neither Hooke nor Cardan invented the universal joint.
The reason we associate Hooke’s name with the joint is that he put it in use in the
17th century.

Revolute, prismatic, cylindric, helical, spherical, and plane pairs are lower pairs.
Gear and cam pairs are higher pairs. Table 1.1 summarizes the degrees of freedom
and the types of motion associated with each of the kinematic pairs.

A higher pair can often be replaced by a combination of two lower pairs in order to
reduce stress concentration and wear at the point of contact. For example, a cylindric
rod riding in a rectangular guide as shown in Figure 1.5a is not practical. The same
constraint can be achieved by adding an intermediate link and connecting them with
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FIGURE 14
Universal joint. (Courtesy of Boston Gear, Boston, MA.)

Table 1.1 Eight Frequently Used Kinematic Pairs.
Kinematic Pair Symbol Joint DOF Rotational Translational

Revolute R 1 1 0
Prismatic P 1 0 1
Cylindric c 2 1 1
Helical H 1 1 coupled
Spherical S 3 3 0
Plane E 3 1 2
Gear Pair G 2 1 1
Cam Pair Cp 2 1 1

a combination of revolute and prismatic joints as shown in Figure 1.5b. Hence, the
two-dof motion permitted by the higher pair is obtained by two lower pairs.

A link is called a binary link if it is connected to only two other links, a ternary
link if it is connected to three other links, a quaternary link if it is connected to four
other links, and so on. A joint is called a binary joint, if it connects only two links,
and a multiple joint, if it connects more than two links.
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(a) A cylindric rod riding in a rectangular guide  (b) Equivalent revolute and prismatic joints

FIGURE 1.5
Substitution of a higher pair with two lower pairs.

1.4 Kinematic Chains, Mechanisms, and Machines

A kinematic chain is an assemblage of links, or rigid bodies, that are connected
by joints. If every link in a kinematic chain is connected to every other link by one
and only one path, it is called an open-loop chain. On the other hand, if every link is
connected to every other link by at least two distinct paths, the kinematic chain forms
one or more closed loops and is called a closed-loop chain. Clearly, it is possible
for a kinematic chain to contain both closed- and open-loop chains. We call such a
kinematic chain a hybrid kinematic chain.

When one of the links in a kinematic chain is fixed to the ground or base, it is called
a mechanism. The link that is fixed to the base is called the fixed link. As the input
link(s) move with respect to the base, all other links perform constrained motions.
Thus, a mechanism is a device that transforms motion and/or torque from one or more
links to the others. For example, Figure 1.6 shows a crank-and-slider mechanism that
transforms a continuous rotation of the crank into a reciprocal motion of the slider
and vice versa.

When one or more mechanisms are assembled together with other hydraulic, pneu-
matic, and electrical components such that mechanical forces of nature can be com-
pelled to do work, we call such an assembly a machine. That is, a machine is an
assemblage of several components for the purpose of transforming external energy
into useful work.

Although the terms mechanism and machine are often used synonymously, in
reality there is a definite difference. Figure 1.7 shows a 6-axis milling machine
produced by Giddings & Lewis Machine Tools. The basic mechanism of the machine
consists of a moving platform, a fixed base, and six supporting limbs. Each limb
is made up of two members that are connected to each other by a prismatic joint.
The upper end of each limb is connected to the moving platform by a universal
joint, whereas the lower end is connected to the base by a spherical joint. The
motion of the prismatic joint is controlled by a motor-driven ball screw. Together
it forms a parallel manipulator generally known as the Stewart-Gough manipulator.



10 INTRODUCTION

3: Coupler

_|4: Slider

1: Frame

FIGURE 1.6
Crank-and-slider mechanism.

The platform itself is a mechanism and not a machine. When actuators, sensors,
spindle, loading/unloading mechanism, and a controller are incorporated, it becomes
amachine. We observe that a machine may consist of several mechanisms. However,
a mechanism is not necessarily a machine since it may be part of a machine to serve
as a motion transformation device.

FIGURE 1.7

VARIAX®machining center. (Courtesy of Giddings & Lewis Machine Tools,
Fond Du Lac, WI.)
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1.5 Kinematics of Mechanisms

A rigid body is said to be under motion when it is instantaneously changing its
position and/or orientation. Since the change of position can only be observed with
respect to another body, the motion of a rigid body is a relative measure. Kinematics
of amechanism is the study of relative motion among the various links of a mechanism
or machine by neglecting the inertia effects and the forces that cause the motion. In
studying the kinematics of a mechanism, the motion of a link is often measured with
respect to a fixed link or a reference frame, which may not necessarily be at rest.

There are two branches of kinematics known as kinematic analysis and kinematic
synthesis.

Kinematic analysis is the study of relative motions associated with the links of
a mechanism or machine and is a critical step toward proper design of a mecha-
nism. Specifically, given a mechanism and the motion of its input link(s), the relative
displacement, velocity, acceleration, etc., of the other links are to be found. These
characteristics can be derived by considering the constraints imposed by the joints.
The problem can be formulated by the graphical, vector algebra, matrix, or other
mathematical methods [11, 23].

Kinematic synthesis is the reverse problem of kinematic analysis. In this case,
the designer is challenged to devise a new mechanism that satisfies certain desired
motion characteristics of an output link. The kinematic synthesis problem can be
further divided into three interrelated phases:

1. Type synthesis refers to the selection of a specific type of mechanism for prod-
uct development. During the conceptual design phase, the designer considers
as many types of mechanism as possible and decides what type has the best
potential of meeting the design objectives. The type of mechanism — cam,
linkage, gear train, and so on — is determined. The selection depends to a great
extent on the functional requirements of a machine and other considerations
such as materials, manufacturing processes, and cost.

2. Number synthesis deals with the determination of the number of links, type
of joint, and number of joints needed to achieve a given number of degrees
of freedom of a desired mechanism. During this phase of study, the designer
makes sure that a mechanism has the correct number of links that are connected
with proper types of joints to ensure mobility. Number synthesis also involves
the enumeration of all feasible kinematic structures or linkage topologies for
a given number of degrees of freedom, number of links, and type of joints.
For this reason it is sometimes called structure synthesis or topological synthe-
sis. Various methodologies have been developed for systematic enumeration
of kinematic structures [13]. A thorough understanding of the structural char-
acteristics of a given type of mechanism is critical for the development of an
efficient algorithm.
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3. Dimensional synthesis deals with the determination of the dimensions or pro-
portions of the links of a mechanism. Laying out a cam profile to meet a desired
lift specification is a dimensional synthesis problem. Determination of the cen-
ter distance between two pivots of a link in a bar-linkage is also a dimensional
synthesis problem. Both geometric and analytical methods of synthesis may be
used to perform dimensional synthesis. The Burmester theorem can be applied
in the dimensional synthesis of planar linkages [16]. Recently, the theorem
was extended to that of spatial linkages [4, 5, 26, 27, 28, 32, 33]. Typical
problems in dimensional synthesis include function generation, coupler-point
curve synthesis, and rigid body guidance.

Type synthesis involves design factors such as materials, manufacturing processes,
reliability consideration, and cost issues that are usually determined at the initial phase
of the design process. In this text, we are concerned primarily with the structure
synthesis of mechanisms.

1.6 Planar, Spherical, and Spatial Mechanisms

Mechanisms can be classified into three types according to their nature of motion.
A rigid body is said to be under planar motion if the motion of all particles in the
rigid body are constrained in parallel planes. A planar mechanism is one in which all
the moving links perform parallel planar motions. For a planar mechanism, the loci
of all points in all links can be conveniently drawn in one plane. Planar mechanisms
that utilize only lower-pair joints are called planar linkages. Revolute and prismatic
joints are the only allowable lower pairs in planar linkages. Furthermore, the axis of a
revolute joint must be perpendicular to the plane of motion, whereas the direction of
translation of a prismatic joint must be parallel to the plane of motion. For examples,
Figures 1.8, 1.9, and 1.10 show a planar four-bar linkage, a planar plate cam-and-
follower mechanism, and a planar spur-gear drive, respectively.

A rigid body is said to be performing a spherical motion if the motions of all
particles in the rigid body are confined on concentric spherical surfaces. When a
rigid body performs a spherical motion, one of its points remains stationary. A
spherical mechanism is one in which all the moving links perform concentric spherical
motions about a common stationary point, called the spherical center. In a spherical
mechanism, the motions of all particles can be conveniently described by their radial
projections on the surface of a unit sphere. The revolute joint is the only permissible
lower-pair joint for constructing spherical mechanisms. In addition, all the joint axes
must intersect at a common point.

Figure 1.11 shows a spherical four-bar linkage known as the universal joint.
The universal joint is used to transmit motion between two intersecting but non-
collinear shafts. However, it is not a constant-velocity coupling device. In rear wheel
drive vehicles, two Hooke joints are connected in series to achieve constant-velocity
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FIGURE 1.9
Cam-and-follower mechanism.
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FIGURE 1.10
Spur-gear drive.

FIGURE 1.11
Spherical four-bar linkage.

coupling between the output shaft of a transmission and the input shaft of a differential
gearbox.

The four revolute joints shown in Figure 1.11 intersect at a common point “O.”
Link 1 serves as the fixed link, link 2 the input link, link 3 the coupler link, and link 4
the output link. The dimensions of such a spherical four-bar can be defined by the
angles between the joint axes. All particles in link 3 move on concentric spherical
surfaces centered at the fixed point O. Link 2 rotates about a fixed joint axis. The path
of any particle in link 2 lies on a circle perpendicular to the axis of rotation. Since the
axis of rotation passes through O, we can think of the particles in link 2 as moving on
spheres centered at point O. Similarly, the motion of link 4 can also be considered as
spherical. Thus, all moving links in the universal joint possess spherical motions.
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A rigid body is said to be undergoing a spatial motion if its motion is not planar
or spherical. A spatial mechanism is a mechanism that cannot be classified as planar
or spherical. In this regard, we cannot associate some unique motion characteristics
with spatial mechanisms. However, a spatial mechanism may have several links
performing planar motions that are not parallel to one another.

Figure 1.12 shows a spatial swash-plate mechanism that can be used as acompressor
mechanism. For a compressor, link 1 serves as the fixed link, link 2 the input link,
link 3 the coupler, and link 4 the output link. As link 2 rotates about the fixed joint
axis, link 4 makes a reciprocating motion about its prismatic joint axis, while link 3
makes a spatial motion. The swash-plate mechanism can also be used as an engine
mechanism.
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FIGURE 1.12
Swash-plate mechanism.

Planar and spherical mechanisms can be considered as special cases of spatial
mechanisms. They occur as a consequence of special geometry in the particular ori-
entations of their joint axes. Because of the special geometry, the kinematic synthesis
and analysis problems become relatively simple.

1.7 Kinematic Inversions

As described earlier, a mechanism is defined by fixing one of the links in a kinematic
chain to the ground. When different links of a kinematic chain are chosen as the fixed
link, the relative motions between all the links are not altered. However, their motions



16 INTRODUCTION

with respect to the ground may be completely different. The process of selecting
various links of a kinematic chain as the fixed link is called kinematic inversion.

Applying kinematic inversion, many mechanisms can be derived from a given
kinematic chain. However, some of them may be structurally isomorphic with the
others. Figure 1.13 shows four inversions of a four-link chain. However, except for
the difference in link lengths, the mechanism shown in Figure 1.13a is structurally
isomorphic with that of Figure 1.13d; and the mechanism shown in Figure 1.13b is
structurally isomorphic with that of Figure 1.13c.

o]

(a) Crank-and-slider mechanism (b) Turning-block linkage

(c) Swinging-block linkage (d) Rocker-and-slider mechanism

FIGURE 1.13
Four kinematic inversions of a four-bar chain.

1.8 Summary

The term mechanical design and three interrelated phases of the design process
were introduced. Then, a systematic design methodology for the enumeration of
kinematic structures of mechanisms was outlined. Fundamental terminologies for
mechanisms that are essential for the development of the systematic methodology
were reviewed, including the definitions of links, joints, kinematic chains, mecha-
nisms, and machines. The classification of mechanisms according to the nature of
motion was made and the concept of kinematic inversion was described.
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Chapter 2

Basic Concepts of Graph Theory

In this chapter we introduce some fundamental concepts of graph theory that are
essential for structure analysis and structure synthesis of mechanisms. Readers are
encouraged to refer to Gibsons [1] and Harary [2] for more detailed descriptions of
the theory.

2.1 Definitions

A graph consists of a set of vertices (points) together with a set of edges or lines.
The set of vertices is connected by the set of edges. Let the graph be denoted by
the symbol G, the vertex by set V, and the edge by set E. We call a graph with v
vertices and e edges a (v, e) graph. Edges and vertices in a graph should be labeled
or colored, otherwise they are indistinguishable.

Each edge of a graph connects two vertices called the end points. We specify an
edge by its end points; that is, e;; denotes the edge connecting vertices i and j. An
edge is said to be incident with a vertex, if the vertex is an end point of that edge.
The two end points of an edge are said to be adjacent. Two edges are adjacent if they
are incident to a common vertex. For the (11, 10) graph shown in Figure 2.1a, €33 is
incident at vertices 2 and 3. Edges e]3, €23, and e,5 are adjacent.

2.1.1 Degree of a Vertex

The degree of a vertex is defined as the number of edges incident with that vertex.
A vertex of zero degree is called an isolated vertex. We call a vertex of degree two
a binary vertex, a vertex of degree three a ternary vertex, and so on. For the graph
shown in Figure 2.1a, the degree of vertex 2 is three, the degree of vertex 10 is one,
and vertex 11 is an isolated vertex.

21
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FIGURE 2.1
Graph, subgraph, component, and tree.

2.1.2 Walks and Circuits

A sequence of alternating vertices and edges, beginning and ending with a vertex,
is call a walk. A walk is called a trail if all the edges are distinct and a path if all
the vertices and, therefore the edges are distinct. In a path, no edge may be traversed
more than once. The length of a path is defined as the number of edges between the
beginning and ending vertices. If each vertex appears once, except that the beginning
and ending vertices are the same, the path forms a circuit or cycle. For the graph
shown in Figure 2.1a, the sequence (2, €23, 3, €34, 4, €45, 5) is a path, whereas the
sequence (2, €23, 3, €34, 4, ea5, 5, e52, 2) is a circuit.

2.1.3 Connected Graphs, Subgraphs, and Components

Two vertices are said to be connected, if there exists a path from one vertex to the
other. Note that two connected vertices are not necessarily adjacent. A graph G is
said to be connected if every vertex in G is connected to every other vertex by at least
one path. The minimum degree of any vertex in a connected graph is equal to one.
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For example, the graph shown in Figure 2.1b is connected, whereas the one shown in
Figure 2.1a is not.

A subgraph of G is a graph having all the vertices and edges contained in G. In
other words, a subgraph of G is a graph obtained by removing a number of edges
and/or vertices from G. The removal of a vertex from G implies the removal of all
the edges incident at that vertex, whereas the removal of an edge does not necessarily
imply the removal of its end points although it may result in one or two isolated
vertices.

A graph G may contain several pieces, called components, each being a connected
subgraph of G. By definition, a connected graph has only one component, otherwise it
is disconnected. For example, the graph shown in Figure 2.1a has three components;
the graph shown in Figure 2.1b is a subgraph, but not a component of Figure 2.1a;
whereas the graphs shown in Figures 2.1c and d are components of Figure 2.1a.

2.1.4 Articulation Points, Bridges, and Blocks

An articulation point or cut point of a graph is a vertex whose removal results in an
increase of the number of components. Similarly, a bridge is an edge whose removal
results in an increase of the number of components. A graph is called a block, if it is
connected and has no cut points. The minimal degree of a vertex in a block is equal
to two. For the graph shown in Figure 2.1a, vertices 7 and 9 are cut points, whereas
e67, €78, €79, and eg 1o are bridges.

2.1.5 Parallel Edges, Slings, and Multigraphs

Two edges are said to be parallel, if the end points of the two edges are identical.
A graph is called a multigraph if it contains parallel edges. A sling or self-loop is
an edge that connects a vertex to itself. Figure 2.2a shows a multigraph, whereas
Figure 2.2b shows a graph with a sling. A graph that contains no slings or parallel
edges is said to be a simple graph. In this text, we shall use the term graph to imply
a simple graph unless it is otherwise stated.

2.1.6 Directed Graph and Rooted Graph

When a direction is assigned to every edge of a graph, the graph is said to be a
directed graph. A rooted graph is a graph in which one of the vertices is uniquely
identified from the others. This unique vertex is called the root. The rootis commonly
used to denote the fixed link or base of a mechanism, and it is symbolically represented
by two small concentric circles. Figure 2.3 shows a directed graph in which vertex 1
is identified as the root.
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FIGURE 2.2
A multigraph and a graph with a sling.
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FIGURE 2.3
A directed graph.

2.1.7 Complete Graph and Bipartite

If every pair of distinct vertices in a graph are connected by one edge, the graph is
called a complete graph. By definition, a complete graph has only one component.
A complete graph of n vertices contains n(n — 1)/2 edges and it is denoted as a K,
graph. Figure 2.4a shows a K5 graph.

A graph G is said to be a bipartite if its vertices can be partitioned into two subsets,
V1 and V,, such that every edge of G connects a vertex in Vj to a vertex in V5.
Furthermore, the graph G is said to be a complete bipartite if every vertex of Vj is
connected to every vertex of V» by one edge. A complete bipartite is denoted by K; ;,
where i is the number of vertices in V| and j the number of vertices in V,. Figure 2.4b
shows a K3 3 complete bipartite.
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FIGURE 2.4

Ks and K3 3 graphs.

2.1.8 Graph Isomorphisms

Two graphs, G and G, are said to be isomorphic if there exists a one-to-one cor-
respondence between their vertices and edges that preserve the incidence. It follows
that two isomorphic graphs must have the same number of vertices and the same
number of edges, and the degrees of the corresponding vertices must be equal to one
another. Figure 2.5 shows a (6, 9) graph that is isomorphic with the K3 3 graph shown
in Figure 2.4b.

FIGURE 2.5
A (6, 9) graph.
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2.2 Tree

A tree is a connected graph that contains no circuits. Let 7' be a tree with v vertices.
T possesses the following properties:

1. Any two vertices of T are connected by one and precisely one path.

Proof: Since T is connected, there exists at least one path between any two
vertices, j and k. Assume that two distinct paths, P and Q, exist between
vertices j and k. Following these two paths from vertex j to k, let them first
diverge at vertex j’ and then converge at vertex k’. Then, that section of P
from j’ to k" and that section of Q from j’ to k' form a circuit. This leads to a
contradiction since T contains no circuit. Therefore, there exists one and only
one path between any two vertices of T'.

2. T contains (v — 1) edges.

Proof: We prove this property induction. Clearly v = e 4 1 holds for a
connected graph of one or two vertices. Assume that v = ¢ + 1 holds for
a tree of fewer than v vertices. If T has v vertices, the removal of any edge
disconnects 7 in exactly two components because of the first property. By
the induction hypothesis, each component contains one more vertex than edge.
Therefore, the total number of edges in 7 must be equal to v — 1.

3. Connecting any two nonadjacent vertices of a tree with an edge leads to a graph
with one and only circuit.

Proof: Since every two nonadjacent vertices are connected by a path, walking
from the first vertex to the second along the existing path and returning to the
first vertex by the added edge completes a circuit.

Figure 2.6 shows a family of trees with six vertices.

2.3 Planar Graph

A graph is said to be embedded in a plane when it is drawn on a plane surface such
that all edges are drawn as straight lines and no two edges intersect each other. A
graph is planar if it can be embedded in a plane. Specifically, if G is a planar graph,
there exists an isomorphic graph G’ such that G’ can be embedded in a plane. G’ is
said to be the planar representation of G. The graph shown in Figure 2.7a is a planar
graph since it can be embedded in a plane as shown in Figure 2.7b. However, the
complete graph and the complete bipartite shown in Figure 2.4 are not planar.

Planar representation of a graph divides the plane into several connected regions,
called loops or circuits. Each loop is bounded by several edges of the graph. The
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—o—0 0 00

FIGURE 2.6
A family of trees with six vertices.

(@) (b)

FIGURE 2.7
A graph and its planar embedding.

region external to the graph is called the external loop or peripheral loop. For example,
Figure 2.8 shows a planar graph with four loops (including the peripheral loop).

The following theorem can be proved by using a mapping known as the stereo-
graphic projection.

THEOREM 2.1
A graph is embeddable in a plane, if and only if it is embeddable on a sphere.
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1 4 8
5 6 % v3 V4
2 3 7
FIGURE 2.8
A planar graph.
COROLLARY 2.1

The planar embedding of a graph can be transformed into a different planar embed-
ding such that any specified loop becomes the external loop.

Obviously, the nature of planarity of a graph is not affected either by dividing an
edge into two by the insertion of a vertex, or by the reverse process. Two graphs are
said to homeomorphic if one can be made isomorphic to the other by applying this
process. The following theorem, known as Kuratowski’s theorem, can be applied for
identification of planar graphs [3].

THEOREM 2.2

A graph is planar; if and only if it contains no subgraph homeomorphic to the K5 or
K3 3 graph.

2.4 Spanning Trees and Fundamental Circuits

A spanning tree, T, is a tree containing all the vertices of a connected graph G.
Clearly, T is a subgraph of G. Corresponding to a spanning tree, the edge set E of G
can be decomposed into two disjoint subsets, called the arcs and chords. The arcs of
G consist of all the elements of E that form the spanning tree T, whereas the chords
consist of all the elements of E that are not in 7. The union of the arcs and chords
constitutes the edge set E.

In general, the spanning tree of a connected graph is not unique. The addition
of a chord to a spanning tree forms one and precisely one circuit. A collection
of all the circuits with respect to a spanning tree forms a set of independent loops
or fundamental circuits. The fundamental circuits constitute a basis for the circuit
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space. Any arbitrary circuit of the graph can be expressed as a linear combination of
the fundamental circuits using the operation of modulo 2, i.e., 1 +1 = 0.

Figure 2.9a shows a (5, 7) graph G, Figure 2.9b shows a spanning tree 7', and
Figure 2.9c shows a set of fundamental circuits with respect to the spanning tree 7.
The arcs of G consist of edges es, 25, €34, and e35. The chords of G consist of
€12, €23, and e14. Figure 2.9d shows a circuit obtained by a linear combination of two
fundamental circuits.

4 3 4 3
E : 5 :
1 2 1 2
(a) (5,7) graph G (b) Spanning tree T
4 3 3
5
.L\. 5
2
1 ! 2
(c) Fundamental circuits of G with respectto T
4 3 4 3
5
+ i => >
1 1 2 1 2
(d) Linear combination of fundamental circuits

FIGURE 2.9
A spanning tree and the corresponding fundamental circuits.
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2.5 Euler’s Equation

Let L denote the number of independent loops of a planar connected graph and L
represent the total number of loops. Then

L=L+1. 2.1)

Euler’s equation, which relates to the number of vertices, the number of edges, and
the number of loops of a planar connected graph can be written as

L=e—v+2. (2.2)
In terms of the number of independent loops, we have

L=e—v+1. 2.3)

2.6 Topological Characteristics of Planar Graphs

In this section, we explore some fundamental properties of planar connected graphs
that are essential for structure analysis and structure synthesis of mechanisms.

Let d; denote the degree of a vertex i, and e denote the number of edges in a graph
G. Since each edge is incident with two end vertices, it contributes 2 to the sum of
the degrees of the vertices. Therefore, the sum of the degrees of all vertices in a graph
is equal to twice the number of edges:

> di=2e. (2.4)
i
For the (8, 10) graph shown in Figure 2.8, we have dj = dy = d3 = ds = 3, and
ds = dg = d7 = dg = 2. Therefore,

8
§:¢=4x3+4x2=2x1m

i=1

Let the vertices be partitioned into two groups: one consists of even-degree vertices
and the other odd-degree vertices. Then, Equation (2.4) can be rearranged as

Z d; (even-degree vertices) + Z d; (odd-degree vertices) = 2e . 2.5)

] L
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Since Zi d; over vertices of even degree and 2e are both even numbers, it follows
that the number of vertices in a graph with odd degree is even.
Let L; denote the number of loops with i edges. By definition,

L= Z Li. (2.6)

Since each edge serves as a boundary of two loops, it contributes 2 to the sum of the
producti x L;. Hence,

> il =2e. 2.7

Let v denote the number of vertices of degree k, namely, v, denotes the number
of vertices of degree two, v3 the number of vertices of degree three, etc. It follows
that

Zvi=U2+U3+U4+"'+Um:va (2.8)

1

where m denotes the maximal degree of a vertex. Since each edge has two end vertices
and each of the vy vertices are incident by k edges, it follows that

Zivi=2v2+3v3+~~+mvm=2e. 2.9)

1

Multiplying Equation (2.8) by 3, and subtracting Equation (2.9) from the resulting
expression yields

3(vu4+vit+va+---+uy)— Ruy+3vs+4va+---) =3v—2e, (2.10)
which can be written as
vy =3v—2e+ (Vg4 +2v5+ -+ vy) . (2.11)

Equation (2.11) implies that the number of binary vertices is bonded by the following
equation,

vy > 3v—2e. (2.12)

2.7 Matrix Representations of Graph

The topological structure of a graph can be conveniently represented in matrix
form. In this section, we introduce a few frequently used matrix representations
of graph. The matrix representation makes analytical manipulation of graphs on a
digital computer feasible. It leads to the development of systematic methodologies
for identification and enumeration of graphs.
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2.7.1 Adjacency Matrix

To facilitate the study, the vertices of a graph are labeled sequentially from 1 to v.
A vertex-to-vertex adjacency matrix, A, is defined as follows:

a = { 1 if vertex i is adjacent to vertex j , 2.13)

0 otherwise (including i = j),

where a; ; denotes the (7, j) element of A. It follows that A is a v X v symmetric
matrix having zero diagonal elements. Each row (or column) sum of A corresponds
to the degree of a vertex. Given a graph, the adjacency matrix is uniquely determined.
On the other hand, given an adjacency matrix, one can construct the corresponding
graph. Hence, the adjacency matrix identifies graphs up to graph isomorphism.

For example, Figure 2.10 shows a graph with both vertices and edges labeled
sequentially. Further, vertex 1 is identified as the root. The adjacency matrix is

01 0 1 1
1 01 01
A= 0 1 0 1 1 (2.14)
1 01 00
1 11 0 0
4 eq 3
®
€3
e e2
es
1 2
FIGURE 2.10
A labeled graph.

Clearly, the adjacency matrix depends on the labeling of vertices. If A| and A; are
the adjacency matrices of a graph with two different labelings of the vertices, it can
be shown that there exists a permutation matrix P such that

A =P 'AP. (2.15)

However, it should be noted that some properties of A are independent of the labeling
of vertices. Let A" be the nth power of A, and the length of a walk be the number of
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edges in that walk. The following theorem is useful for identification of the distance
between two vertices [2].

THEOREM 2.3
The number of walks of length n from vertex i to vertex j is given by the (i, j) element
of A"

It follows that the number of walks of length 2 from vertex i to vertex j, i # j, is
given by the (i, j) element of A?; the degree of vertex i is given by the (i, i) element
of A?; and the number of triangular loops containing vertex i is given by the (i, i)
element of A3 divided by 2. The distance between vertices i and j, fori # j, is the
least integer n for which the (i, j) element of A” is nonzero. For example, for the
graph shown in Figure 2.10

313 01 2 7 2 6 7
1 312 2 7 4 7 25
A’=13 1 3 0 1 and A =] 2 7 2 6 7 (2.16)
020 2 2 6 2 6 0 2
1 21 2 3 75 7 2 4

Hence, the number of paths of length 2 are: 1 between vertices 1 and 2, 3 between
vertices 1 and 3, 0 between vertices 1 and 4, 1 between vertices 1 and 5, and so
on. Similarly, the number of triangular loops containing vertex 2 is 2. The distance
between vertices 2 and 4 is 2.

2.7.2 Incidence Matrix

The vertices of a graph are labeled sequentially from 1 to v and the edges are
labeled from 1 to e. An incidence matrix, B, is defined as a v x e matrix in which
each row corresponds to a vertex and each column corresponds to an edge.

edge j
bii bia -+ bre
byy byp -+ bo. )
B = . . . . vertex i (2.17)
bv,l bv,Z te bv,e

where
1 if vertex i is an end vertex of edge j ,
b; j= .
0 otherwise .

Since each edge has two end vertices, there are exactly two nonzero elements in
each column. Hence, the sum of each column is always equal to 2, whereas the sum
of each row is equal to the degree of a vertex. Similar to an adjacency matrix, the
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incidence matrix determines a graph up to graph isomorphism. For example, the
incidence matrix of the labeled graph shown in Figure 2.10 is given by

1 0001 01
01 001 10
B=|001 1010 (2.18)
0 001 001
1 110 0 0O

For a directed graph, the incidence matrix, B, is defined as follows:

+1 ifedge j emanates from vertex i ,
bjj =1 —1 ifedge j terminates at vertex i , (2.19)
0 otherwise .

Following the definition above, the sum of each column in E is equal to zero and the
sum of all the rows is a row of zeros. Hence, the rank of B can be at most equal to
v—1.

4 e4 3
€3
5
ez €6
e e2

C—

1 2
FIGURE 2.11
A directed graph.

For example, Figure 2.11 shows a directed graph obtained by assigning a direction
to each edge of the graph shown in Figure 2.10. The incidence matrix is given by

1 0 0 0 1 o0 1
0 -1 0 0 -1 1 o0

B = O 0 -1 1 0 -1 0. (2.20)
0 0 0 -1 0 0 -1
-1 1 1 0 0 0 0

Let M be a matrix obtained by replacing the ith diagonal elements of —A by the
degree of vertex i. It can be shown that

BBT =M . (2.21)
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For the graph shown in Figure 2.11,

3 -1 0 -1 -1
-1 3 -1 0 -1
M= 0 -1 3 -1 -1 . (2.22)
—1 0 -1 2 0
-1 -1 -1 0 3

The following theorem, known as the Matrix-Tree Theorem, is useful for determi-
nation of the number of spanning trees in a graph [2].

THEOREM 2.4
Let A be the adjacency matrix of a connected graph G. Then all cofactors of the
matrix M are equal, and their common value is equal to the number of spanning trees

of G.

A reduced incidence matrix, 1§', is obtained by removing the first row of B, repre-
senting the root of a graph. Hence, the reduced incidence matrix is of order (v—1) xe.
The ith row denotes the (i + 1)th vertex. For example, the reduced incidence matrix
for the graph shown in Figure 2.10 is given by

o
Il

(2.23)

- o O O
—_0 O =
SO O =
OO =
S = O O

0 0
1 1
0 1
1 0
2.7.3 Circuit Matrix

The circuits of a graph are labeled sequentially from 1 to ¢ and the edges are labeled
from 1 to e. A circuit matrix, C, is defined as an £ x e matrix in which each row
corresponds to a circuit and each column denotes an edge.

edge j
Cl,1 €12 -+ Cle
2,1 €22 - CRe L
C = . . . . circuit 1 (2.24)
el €2 o Cle

where

o= 1 if circuit i contains edge j ,
“ 71 0 otherwise .

Obviously, those edges that do not lie on any circuit do not appear in the circuit matrix.
Hence, the circuit matrix does not provide complete information about a graph. Unlike
the adjacency and incidence matrices, the circuit matrix does not determine a graph
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up to isomorphism. For example, Figure 2.12 shows a graph obtained by labeling the
circuits of the graph shown in Figure 2.10. Its circuit matrix is

110010 0
01 10010

C=l 1011001 (2:25)
000 1 1 1°1

FIGURE 2.12
A graph with labeled circuits.

The row vectors of C are not necessarily independent. For a connected graph G,
the number of independent circuits is given by Euler’s equation. Corresponding to a
given spanning tree, each chord uniquely defines a fundamental circuit. The set of
circuits determined from all the chords of G constitutes a basis for the circuit space.
Any other circuits can be expressed as a linear combination of the base vectors with
the arithmetic of modulo 2. For the above example, we observe that the last low of C
is equal to the sum of the first three rows.

2.7.4 Path Matrix

A path matrix, T , is defined for storing the information about all paths that emanate
from the root and terminate at the remaining vertices of a rooted tree. With the root
labeled as vertex 1, the remaining vertices are labeled sequentially from 2 to v and
the edges are labeled from 1 to v — 1. The path matrix is defined as

vertex j+1

1,1 N, ,0-1

1 2 cee 1 v—1 .
T = . . . . arc i (2.26)

hy—1,1 =12 - Ty—1,v-1
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where

1 if edge i lies on the path emanating from the root
tij = and terminating at vertex j + 1,
0 otherwise .

Hence, T is a (v — 1) x (v — 1) matrix in which each column represents a vertex
(excluding the root) and each row corresponds to an arc of the tree. The ith column
of T denotes the (i + 1)th vertex. Figure 2.13 shows a spanning tree of the graph
shown in Figure 2.10. The path matrix is

1 1 1 1
1 0 0O
T = 01 1 0 (2.27)

0 01 0
4 es 3
[

€3
5
e €2

1 2

FIGURE 2.13
A rooted spanning tree.

If the reduced incidence matrix of a rooted tree is denoted as B A, it can be shown
that under the arithmetic of modulo 2, the product of T B, is an identity matrix of
orderv — 1,

TBy=1. (2.28)
For example, the reduced incidence matrix for the rooted tree shown in Figure 2.13

is

By = (2.29)

1
-0 O O
—_—0 O =
—_— O = O
O = = O
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Substituting Equations (2.27) and (2.29) into Equation (2.28) yields

TBy =

0
0
1 (2.30)
0

- o O O

0
1
0
0

SO O =

Given a spanning tree, if we partition the edges of a rooted graph into arcs and
chords in such a way that the arcs are labeled from 1 to v — 1, whereas the chords are
labeled from v to e, the incidence matrix can be partitioned in the form

B = [BA : BC] , (2.31)

where B, denotes the portion of a reduced incidence matrix associated with the arcs
and B¢ represents the portion associated with the chords of a rooted graph. Let

U=TBc. (2.32)
It can be shown that the circuit matrix C is given by
C = |:UT : 1} ) (2.33)

For example, for the graph shown in Figure 2.10 with respect to the spanning tree
shown in Figure 2.13,

1 01
1 10
U= 01 1 (2.34)
0 01
Substituting Equation (2.34) into Equation (2.33) yields
1 1.0 01 0O
cC=(01 10010 (2.35)
1 01 1001

As opposed to Equation (2.25), Equation (2.35) contains only three independent
circuits with respect to the spanning tree depicted in Figure 2.13. Equation (2.33) is
useful for identification of fundamental circuits of a graph.

2.8 Contracted Graphs

We define a binary string of length k as a string of k vertices of degree 2 connected
in series by k 4+ 1 edges as shown in Figure 2.14. The first and last edges of a binary



2.8. CONTRACTED GRAPHS 39

string are necessarily incident to nonbinary vertices. For example, the (8, 10) graph
shown in Figure 2.8 contains two binary strings of length 1 and a binary string of
length 2. The first binary string contains vertex 5, the second contains vertex 6, and
the third contains vertices 7 and 8.

AN TN TN

(@) (b) ()

FIGURE 2.14
Binary strings of length one, two, and three.

A contracted graph is obtained by replacing every binary string in a graph with a
single edge. It follows that a contracted graph has no binary vertices. However, it
may contain parallel edges [5]. The process of removing a binary string and replacing
it with a single edge is called a contraction. Figure 2.15 shows the contracted graph
of Figure 2.8 in which there are two parallel edges connecting vertices 1 and 2, and
two additional parallel edges connecting vertices 3 and 4.

1 4

v2 V4

FIGURE 2.15
A contracted graph.

We note that a conventional graph is mapped onto a unique contracted graph. On the
other hand, given a contracted graph, many conventional graphs can be constructed
from it by replacing the edges with binary strings of certain desired lengths. The
process of replacing an edge in a contracted graph with a binary string is called an
expansion.

From the above discussion, it is clear that the number of vertices in a contracted
graph is equal to the number of vertices in the conventional graph diminished by
the number of binary vertices; the number of edges in a contracted graph is equal to
the number of edges in the conventional graph diminished by the number of binary
vertices, whereas the total number of loops remains unchanged. Let v, be the number
of binary vertices in a conventional graph. Also let v¢ be the number of vertices, e¢
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the number of edges, and L¢ the total number of loops in a contracted graph. Then,

v = v—uy, (2.36)
e = e—1y, (2.37)
L€ = & —v'+2=1L. (2.38)

Since each binary string of length i contains i binary vertices, it follows that
bi+2by +3b3 + -+ qby = v3, (2.39)

where b; denotes the number of binary strings of length i, and ¢ denotes the longest
binary string in a conventional graph. We may consider a binary string of zero length
as a special case in which two vertices of degree greater than two are connected
directly by an edge. From the definition of a contracted graph, it follows that

bo+bi+by+b3+---+by=e. (2.40)

For the conventional graph shown in Figure 2.8, we have v = §, ¢ = 10, L= 4,
vy =4,by = 3,b1 = 2, and b, = 1. Equations (2.36), (2.37), and (2.38) predict
v=8—4=4,¢ =10—4 = 6, and L = 4, which can be easily verified from the
contracted graph shown in Figure 2.15. Obviously, Equations (2.39) and (2.40) are
also satisfied.

A contracted graph can also be expressed in matrix form. The vertex-to-vertex
adjacency matrix, A, of a contracted graph is defined as follows:

c { k if vertex i is connected to vertex j by k parallel edges 2.41)

%=1 0 otherwise (including i = j).

Following the definition above, the row sum of A€ is equal to the degree of the
corresponding vertex. Since a contracted graph has no binary vertex, the minimum
degree of a vertex is 3. For example, the adjacency matrix of the contracted graph
shown in Figure 2.15 is

A€ = (2.42)

— o N O
S = O
N O = O
SO~

The concept of contracted graphs can be employed for enumeration of planar graphs.

2.9 Dual Graphs

The dual of a conventional graph is a graph in which the vertices represent the loops
(including the peripheral loop) and the loops represent the vertices of the conventional
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graph. Given a conventional graph G, its dual graph G* is constructed as follows:
Place a vertex in each loop of G, and, if two adjacent loops of G share a common
edge e, connect the corresponding vertices of G* by an edge e* across e. The dual of
a simple graph may contain self-loops if the original graph has bridges. It may also
become a multigraph if there are binary vertices in the original graph.

For example, Figure 2.16 shows the construction of a dual from the conventional

FIGURE 2.16
A graph and its dual.

graph shown in Figure 2.8. To construct the dual graph, we place a vertex, designated
as vq, 12, v3, and vy, in each loop of the conventional graph. The edges of the dual
graph are sketched as hairlines across every edge of the conventional graph according
to the above convention. Since loops 3 and 4 in the conventional graph are divided by
three edges, €37, €78, and eg4, in the corresponding dual graph v3 and v4 are connected
by three parallel edges. Similarly, there are two parallel edges connecting v and vy,
v1 and vy, and v, and v4.

To further simplify the notation, we replace parallel edges in a dual graph by a
single edge and label it with the number of parallel edges. Figure 2.17 shows an
edge-labeled dual graph of the graph shown in Figure 2.16. Note that in Figure 2.16
the two parallel edges between v, and vy are divided by the v — v3 — v4 vertex chain.
In the edge-labeled dual graph shown in Figure 2.17, this information is lost. In this
regard, an edge-labeled dual may be transformed into more than one conventional
graph. Figure 2.18 shows a second graph, which shares the same edge-labeled dual
as that of Figure 2.16.

By definition, the dual of a planar graph G is also a planar graph. It follows that
the dual of the dual of G is the original graph G. However, it should be noted that
a graph with more than one planar embedding can give rise to more than one dual
graph as illustrated in Figure 2.19.
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p) V4

0O

O =

v2

FIGURE 2.17
A labeled dual graph.

V4

FIGURE 2.18
A graph having the same edge-labeled dual.

We summarize the correspondence between a conventional graph and its dual as
follows: (1) the vertices of a dual graph correspond to the loops of a conventional
graph, (2) the loops of a dual graph correspond to the vertices of a conventional graph,
and (3) degree of a vertex in the dual graph corresponds to the number of edges in a
loop of the conventional graph. Let v denote the number of vertices, e¢ the number
of edges, and L the total number of loops in a dual graph. The following relations
hold:

= (2.43)
d (2.44)
1 = v. (2.45)

Q<
x

I

N~

<
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Vi Vy
Vi
5
2
4
V2 V3
3
(a) A (7, 10) graph (b) Dual graph of (a)
1
A v,
Vi
5
2
4
V2 V3
3
(c) Isomorphic graph of (a) (d) Dual graph of (c)
FIGURE 2.19

Two isomorphic graphs giving rise to two different dual graphs.

Sohn and Freudenstein [4] applied the concept of dual graphs for the development of an
automated procedure for the enumeration of the kinematic structures of mechanisms.

2.10 Summary

The basic concepts of graph theory that are essential for structural analysis and
structure synthesis of mechanisms were introduced. Graphs, isomorphic graphs,
contracted graphs, and dual graphs were defined. The topological characteristics of
planar graphs were derived. To facilitate the development of an automated graph
enumeration methodology, various matrix representations of graph were introduced.
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Exercises

2.1 Show that the planar embedding of a graph can be transformed into another
planar embedding such that any specified loop becomes the external loop.

2.2 Derive the adjacency and incidence matrices for the (6, 7) and (7, 8) graphs
shown in Figures 2.20a and b.

1
e1 €6 v3
2 6
10| O
3 7 5
es €4
4
(a) (6,7) graph (b) (7,8) graph

FIGURE 2.20
(6,7) and (7, 8) graphs with three circuits.
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2.3 Derive the adjacency and incidence matrices for the two (8, 10) graphs shown
in Figures 2.21a and b.

FIGURE 2.21
Two (8, 10) graphs with four circuits.

2.4 Let the thin edges denote the arcs and heavy edges denote the chords. Derive
the incidence, path, and circuit matrices for the (6, 8) and (7, 10) rooted graphs
shown in Figures 2.22a and b.

FIGURE 2.22
(6, 8) and (7, 10) rooted graphs.
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2.5 Let thin edges denote the arcs and heavy edges denote the chords. Derive the
incidence, path, and circuit matrices for the two (7, 10) rooted graphs shown
in Figures 2.23a and b.

FIGURE 2.23
Two (7, 10) rooted graphs.

2.6 Let thin edges denote the arcs and heavy edges denote the chords. Derive the
incidence, path, and circuit matrices for the (7, 9) and (8, 11) rooted graphs
shown in Figures 2.24a and b.

FIGURE 2.24
(7,9) and (8, 11) rooted graphs.

2.7 Sketch the contracted and dual graphs of the (6, 7) and (7, 8) graphs shown in
Figures 2.20a and b.

2.8 Sketch the contracted and dual graphs of the (8, 10) graphs shown in Fig-
ures 2.21a and b.



Chapter 3

Structural Representations of Mechanisms

3.1 Introduction

The kinematic structure of a mechanism contains the essential information about
which link is connected to which other link by what type of joint. The kinematic
structure of a mechanism can be represented in several different ways. Some methods
of representation are fairly straightforward, whereas others may be rather abstract and
do not necessarily have a one-to-one correspondence. In this chapter various methods
of representation of the kinematic structure of a mechanism or kinematic chain are
described. For convenience, the following assumptions are made for all methods of

representation.

1. For simplicity, all parallel redundant paths in a mechanism will be illustrated by

a single path. Parallel paths are usually employed for increasing load capacity
and achieving better dynamic balance of a mechanism. For example, Figure 3.1
depicts the components of a basic planetary gear train whose schematic diagram
is shown in Figure 3.2a. Although the gear train has four planets, the structural
representation is sketched with only one, as illustrated in Figure 3.2b. Similarly,
when a link is supported by several coaxial bearings, only one will be shown.

. All joints are assumed to be binary. A multiple joint will be substituted by a set
of equivalent binary joints. In this regard, a ternary joint will be replaced by
two coaxial binary joints, a quaternary joint will be replaced by three coaxial
binary joints, and so on.

. Two mechanical components rigidly connected for the ease of manufacturing
or assembling will be considered and shown as one link. For example, two
gears keyed together on a common shaft to form a compound gear set will be
treated as one link.

47
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Girive shaift Planet gear Ring gear

Sun gear .
9 Carrier

FIGURE 3.1
A basic planetary gear train.

3.2 Functional Schematic Representation

Functional schematic representation refers to the most familiar cross-sectional
drawing of a mechanism. Shafts, gears, and other mechanical elements are drawn as
such. For clarity and simplicity, only those functional elements that are essential to
the structural topology of a mechanism are shown.

Two functional schematics representing different physical embodiments might
sometimes share the same structural topology. For example, Figures 3.3a and b show
the schematic diagrams of two different mechanisms. Each of the two mechanisms
contains four links connected by two revolute, one spherical, and one cylindric joint.
The two revolute joint axes in Figure 3.3a intersect at an oblique angle, whereas the
two revolute joint axes in Figure 3.3b are perpendicular to each other with an offset
distance. Both mechanisms are capable of converting the rotational motion of link 2
into the reciprocating and oscillatory motions of link 4. These two mechanisms are
different in physical embodiment, but their structural topologies are identical.
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(a) Schematic diagram (b) Kinematic representation

FIGURE 3.2
Schematic diagram and kinematic representation.
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(a) RRSC mechanism - 1 (b) RRSC mechanism - 2

FIGURE 3.3
Functional schematics of two R RSC spatial mechanisms.
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Similarly, various planetary gear trains with internal versus external gear mesh may
share identical structural topology. Figure 3.4a shows the functional schematic of a
spur gear set with an external gear mesh, whereas Figure 3.4b shows the functional
schematic of another spur gear set with an internal gear mesh. Each of these two
gear sets contains three links. Gear 2 meshes with gear 3, whereas link 1 serves as
the carrier. Together, they form a one-dof gear train. In the side view of a gear pair,
we use two short parallel lines to indicate the gear mesh. These two gear sets are
different in design. However, their structural topologies are identical, to some extent,
as will be described in the following section.

@)
@)

(a) External gear mesh

T
il
o

(b) Internal gear mesh

FIGURE 3.4
Functional schematics of two gear sets that share the same structural topology.
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3.3 Structural Representation

In a structural representation, each link of a mechanism is denoted by a polygon
whose vertices represent the kinematic pairs. Specifically, a binary link is represented
by aline with two end vertices, a ternary link is represented by a cross-hatched triangle
with three vertices, a quaternary link is represented by a cross-hatched quadrilateral
with four vertices, and so on. Figure 3.5 shows the structural representation of a
binary, ternary, and quaternary link. The vertices of a structural representation can
be colored or labeled for the identification of pair connections. For example, plain
vertices shown in Figure 3.5 denote revolute joints, whereas solid vertices denote
gear pairs.

R G R
R R
O———0O
R G
G R
(a) Binary link (b) Ternary link (c) Quaternary link
FIGURE 3.5

Structural representation of links.

The structural representation of a mechanism is defined similarly, except that
the polygon denoting the fixed link is labeled accordingly. Unlike the functional
schematic representation, the dimensions of a mechanism, such as the offset dis-
tance and twist angle between two adjacent links, are not shown in the structural
representation.

Figure 3.6 shows the structural representation of the two R R SC spatial mechanisms
depicted in Figure 3.3, where the edge label denotes the link number and the vertex
label denotes the joint type. Figure 3.6 shows that the four links are connected in a
closed loop by revolute, revolute, spherical, and cylindric joints. We conclude that
both mechanisms shown in Figure 3.3 share the same structural topology.

Figure 3.7 depicts the side view of the planetary gear train shown in Figure 3.2 and
the corresponding structural representation. We note that, at this level of abstraction,
the type of gear mesh is not specified. In this regard, the kinematic structure shown
in Figure 3.7 may be sketched in more than one functional schematic. Either gear
pair can assume either external or internal gear mesh. Hence, there is no one-to-one
correspondence between the functional schematic and the structural representation.
To distinguish the difference requires one additional level of abstraction. For example,
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R S

S,
R i c

FIGURE 3.6
Structural representation of the two R RSC mechanisms shown in Figure 3.3.

we may use the symbol G; to represent an internal gear mesh and G, an external gear
mesh.

Figure 3.8 shows the schematics and structural representations of some link assort-
ments frequently used in geared kinematic chains.

3.4 Graph Representation

Since akinematic chain is a collection of links connected by joints, this link and joint
assemblage can be represented in a more abstract form called the graph representation.
In a graph representation, the vertices denote links and the edges denote joints of a
mechanism. The edge connection between vertices corresponds to the pair connection
between links. To distinguish the differences between various pair connections, the
edges can be labeled or colored. For example, the gear pairs in a gear train can
be represented by thick edges and the turning pairs (revolute joints) by thin edges.
Furthermore, the thin edges can be labeled according to the locations of their axes.

The graph of a mechanism is defined similarly with only one addition; the ver-
tex denoting the fixed link is labeled accordingly, usually with two small concentric
circles. For example, Figure 3.9 depicts a graph representation of the RRSC mech-
anism shown in Figure 3.3. The vertices shown in Figure 3.9 are numbered from 1
to 4 representing links 1 to 4, respectively, and the edges are labeled as R, R, S, and
C according to the pair connections between links.

Similarly, Figure 3.10 illustrates the graph representation of the planetary gear set
shown in Figure 3.2. In Figure 3.10, the thick edges denote gear pairs and the thin
edges denote turning pairs. Since the type of gear mesh is not specified at this level
of abstraction, the graph shown in Figure 3.10 can also represent a gear set with two
external gear meshes or two internal meshes.
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(a) Functional schematic (b) Kinematic structural representation
FIGURE 3.7

Functional and structural representations of the planetary gear set shown in
Figure 3.2.

The sketching of a graph from a mechanism is very straightforward. However, the
inverse process, that is, the sketching of a mechanism from the graph, requires some
practice to achieve nice proportions. In general, a single graph can be sketched into
several different mechanism embodiments.

Figure 3.11 shows three different kinematic representations of four epicyclic gear
trains.

3.4.1 Advantages of Using Graph Representation

The advantages of using the graph representation are:

1. Many network properties of graphs are directly applicable. For example, we
can apply Euler’s equation to obtain the loop mobility criterion of mechanisms
directly.

2. The structural topology of a mechanism can be uniquely identified. Using graph
representation, the similarity and difference between two different mechanism
embodiments can be easily recognized.

3. Graphs may be used as an aid for the development of computer-aided kinematic
and dynamic analysis of mechanisms. For example, Freudenstein and Yang [7]
applied the theory of fundamental circuits for the kinematic and static force
analysis of planar spur gear trains. The theory was subsequently extended
to the kinematic analysis of bevel-gear robotic mechanisms [12]. Recently,
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Link type Functional schematic

FIGURE 3.8
Link assortments frequently used in geared kinematic chains.
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FIGURE 3.9
Graph representation of the R R SC mechanisms shown in Figure 3.3.

@
2 3

FIGURE 3.10
Graph representation of the planetary gear set shown in Figure 3.2.

a systematic methodology for the dynamic analysis of gear coupled robotic
mechanisms was developed [13].

4. Graph theory may be employed for systematic enumeration of mechanisms. [1,
2,4,6,8,10, 11, 14].

5. Graphs can be used for systematic classification of mechanisms. A single atlas
of graphs can be used to enumerate an enormous number of mechanisms [5, 6,
9]. This obviates the need for an individual atlas of kinematic chains tailored
for each application.

6. Graphs can be used as an aid in automated sketching of mechanisms [3].
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FIGURE 3.11

Kinematic representation of four epicyclic gear trains.
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3.5 Matrix Representation

For convenience of computer programming, the kinematic structure of a kinematic
chain is represented by a graph and the graph is expressed in matrix form. There
are several methods of matrix representation as described in Chapter 2. Perhaps,
the most frequently used method is the link-to-link form of adjacency matrix. Other
methods of representation, such as the incidence matrix, circuit matrix, and path
matrix, are also useful for the identification and classification of mechanisms. Matrix
representations are particularly useful for computer aided enumeration of kinematic
structures of mechanisms. In the following, we briefly describe the adjacency and
incidence matrix representations of kinematic chains.

3.5.1 Adjacency Matrix

The links of a kinematic chain are numbered sequentially from 1 to n. Since in the
graph, representation vertices correspond to links and edges correspond to joints, the
link-to-link adjacency matrix, A, is defined as follows:

a4 = { 1 if link i is connected to link j by a joint , 3.1

0 otherwise (including i = j) .
By definition, the adjacency matrix is an n X n symmetric matrix with zero diagonal
elements. The matrix determines the structural topology of a kinematic chain up
to structural isomorphism. For example, the link-to-link adjacency matrix of the
spur-gear set shown in Figure 3.2 is given by

A=

—_— -

0
1
1 3.2)
1

S = O =

1
1
0
1 0

The matrix representation given by Equation (3.2) provides no distinction for the
types of joint used in a mechanism. The (2, 3) element in Equation (3.2) simply
provides the information that link 2 is connected to link 3 by a joint. It does not give
information about the type of joint. To resolve this problem, one additional level of
abstraction is needed. We can employ different numerals and/or letters to denote the
joint types. For example, we may use the numeral “1” to represent a turning pair and
the letter “g” to denote a gear pair. Using this notation, the adjacent matrix of the
planetary gear set shown in Figure 3.2 becomes

0 1 1 1

|1 0 g O
A= 1 ¢ 0 g |- (3.3)

1 0 g O

Asasecond example, Figure 3.12 shows the functional schematic, kinematic structure,
graph, and adjacency matrix representations of a Watt linkage.
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o//?&o

(a) Functional schematic (b) Structural representation

- OoO-0—=0
OO0 —=-0=
OO0 —+0-—=-0
oO—-0—=-0=
- O0O-=00O0
O—- 000 =

(c) Graph representation (d) Adjacency matrix

FIGURE 3.12
Watt mechanism and its kinematic representations.

3.5.2 Incidence Matrix

Another useful matrix representation is the incidence matrix, B. In addition to
labeling the links, the joints are labeled as well. In an incidence matrix each row
represents a link, whereas each column denotes a joint as outlined below.

joint j
bii bip -+ bim
b1 bra -+ bam o
B = . link i
bn,l bn,Z e bn,m

where

1 iflink i contains joint j ,
bij = { jomtJ (3.4)

0 otherwise .

The incidence matrix also determines the structural topology of a kinematic chain
up to structural isomorphism. Figure 3.13 shows the functional schematic and graph
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2: planet gear
4: carrier

4 e2 3
el e3
1 e4 2
1:sun gear
3:ring gear
(a) Functional schematic (b) Graph representation
FIGURE 3.13

A planetary gear train and its graph representation.

representation of a planetary gear train with its edges labeled from el to e5. The
incidence matrix is given by

(3.5)

—_—o o =
=R =)
S = =0
SO = =
= =)

3.6 Summary

A kinematic chain is an assemblage of links connected by joints. The study of the
nature of connection among various links of a kinematic chain is called the structural
analysis or topological analysis. To facilitate the analysis, several methods of repre-
sentation of the kinematic structure were described. The study includes the functional
schematic representation, structural representation, graph representation, and various
matrix representations.
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Exercises

3.1 Figure 3.14 shows a Humpage reduction gear train. Sketch the kinematic
structure and corresponding graph, and derive the adjacency matrix.

a =4—

Fixed gear

FIGURE 3.14
Humpage reduction gear.

3.2 Sketch the kinematic structure and corresponding graph, and derive the adja-
cency matrix for the wobble-plate mechanism shown in Figure 3.15.

3.3 Figure 3.16 shows a z-crank mechanism. Sketch the kinematic structure and
corresponding graph, and then derive the incidence matrix.

3.4 Sketch the kinematic structure and corresponding graph, and derive the inci-
dence matrix for the mechanism shown in Figure 3.17.

3.5 Figure 3.18 shows a 3R P S parallel manipulator. Sketch the kinematic structure
and corresponding graph, and derive the adjacency matrix.

3.6 Sketch the kinematic structure and the corresponding graph, and derive the
adjacency matrix for the spur gear train shown in Figure 3.19.
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FIGURE 3.15

Wobble-plate mechanism.
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FIGURE 3.16

Z-crank mechanism.
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FIGURE 3.17
Spatial RCSP mechanism.

Moving
platform
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R

FIGURE 3.18
A 3 RPS parallel manipulator.
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FIGURE 3.19
Six-link spur gear train.



Chapter 4

Structural Analysis of Mechanisms

4.1 Introduction

Structural analysis is the study of the nature of connection among the members
of a mechanism and its mobility. It is concerned primarily with the fundamental
relationships among the degrees of freedom, the number of links, the number of
joints, and the type of joints used in a mechanism. It should be noted that structural
analysis only deals with the general functional characteristics of a mechanism and not
with the physical dimensions of the links. A thorough understanding of the structural
characteristics is very helpful for enumeration of mechanisms.

In this text, graph theory will be used as an aid in the study of the kinematic structure
of mechanisms. Except for a few special cases, we limit ourselves to those mecha-
nisms whose corresponding graphs are planar. Although there are a few mechanisms
whose corresponding graphs are not planar, these mechanisms usually contain a large
number of links. In addition, we also limit ourselves to graphs that contain no artic-
ulation points or bridges. A graph with an articulation point or a bridge represents a
mechanism that is made up of two mechanisms connected in series with a common
link but no common joint, or with a common joint but no common link. These types of
mechanisms can be treated as two separate mechanisms and, therefore, are excluded
from the study.

A thorough understanding of the structural topology can be helpful in several
ways. First of all, mechanisms can be classified into families of similar structural
characteristics. Various families of mechanisms can be quickly evaluated during the
conceptual design phase. Secondly, a systematic methodology can be developed for
enumeration of mechanisms according to certain prescribed structural characteristics.

4.2 Correspondence Between Mechanisms and Graphs

Since the topological structure of a kinematic chain can be represented by a graph,
many useful characteristics of graphs can be translated into the corresponding char-

65
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acteristics of a kinematic chain. Table 4.1 describes the correspondence between
the elements of a kinematic chain and that of a graph. Table 4.2 summarizes some
corresponding characteristics between kinematic chains and graphs.

Table 4.1 Correspondence Between Mechanisms and Graphs.

Graph Symbol Mechanism Symbol
Number of vertices v Number of links n
Number of edges e Number of joints J
Number of vertices of degree i v; Number of links having i joints n;
Degree of vertex i d; Number of joints on link i d;
Number of independent loops L Number of independent loops L
Total number of loops (L + 1) L Total number of loops (L + 1) L
Number of loops with i edges L; Number of loops with i joints L;

Table 4.2  Structural Characteristics of Mechanisms and Graphs.

Graphs Mechanisms
e—v+2>d; =2 j—n+2>d =2

ZidiZZe ZidiZZj
Divi=v doini=n
>oiivi =2e Sing =2

vy > 3v—2e ny>3n—2j

S Li=L=L+1 S Li=L=L+1

ZiiLi:2e ZiiLiZZj

Isomorphic graphs Isomorphic mechanisms
O

4.3 Degrees of Freedom

The degrees of freedom of a mechanism is perhaps the first concern in the study of
kinematics and dynamics of mechanisms. The degrees of freedom of a mechanism
refers to the number of independent parameters required to completely specify the
configuration of the mechanism in space. Except for some special cases, it is possible
to derive a general expression for the degrees of freedom of a mechanism in terms
of the number of links, number of joints, and types of joints incorporated in the
mechanism. The following parameters are defined to facilitate the derivation of the
degrees of freedom equation.
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c¢;: degrees of constraint on relative motion imposed by joint i.

F: degrees of freedom of a mechanism.

fi: degrees of relative motion permitted by joint i.

Jj: number of joints in a mechanism, assuming that all joints are binary.

Ji: number of joints with i dof; namely, j; denotes the number of 1-dof joints, j»
denotes the number of 2-dof joints, and so on.

L: number of independent loops in a mechanism.
n: number of links in a mechanism, including the fixed link.

A: degrees of freedom of the space in which a mechanism is intended to function.
It is assumed that a single value of A applies to the motion of all the links of
a mechanism. For spatial mechanisms, A = 6, and for planar and spherical
mechanisms, A = 3. We call A the motion parameter.

Intuitively, the degrees of freedom of a mechanism is equal to the degrees of
freedom of all the moving links diminished by the degrees of constraint imposed by
the joints. If all the links are free from constraint, the degrees of freedom of an n-link
mechanism with one link fixed to the ground would be equal to A(n — 1). Since the
total number of constraints imposed by the joints are given by ) _; ¢;, the net degrees
of freedom of a mechanism is

j
F=xn-1)->¢. 4.1)
i=1

The constraints imposed by a joint and the degrees of freedom permitted by the joint
are related by

G =h—fi. 4.2)

Substituting Equation (4.2) into Equation (4.1) yields

j
F=Mn—j—D+> fi. (4.3)

i=1

Equation (4.3) is known as the Griibler or Kutzbach criterion [12]. In reality, the
criterion was established much earlier by Ball [4] and probably others. However,
unlike earlier researchers, Griibler and Kutzbach developed the equation specifically
for mechanisms.

The Griibler criterion is valid provided that the constraints imposed by the joints
are independent of one another and do not introduce redundant degrees of freedom.
A redundant degree of freedom is one that does not have any effect on the transfer
of motion from the input to the output link of a mechanism. For example, a binary
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link with two end spherical joints possesses a redundant degree of freedom as shown
in Figure 4.1. We call this type of freedom a passive degree of freedom, because it
permits the binary link to rotate freely about a line passing through the centers of the
two joints with no torque transferring capability about that line.

Passive dof

FIGURE 4.1
An S - S binary link.

In general, a binary link with either S — S, S — E, or E — E pairs as its end
joints possesses one passive degree of freedom as outlined in Table 4.3. In addition,
a sequence of binary links with § — §, S — E, or E — E pairs as their terminal joints
also possess a passive degree of freedom.

Table 4.3 Binary Links with Passive Degrees of Freedom.
End Joints Passive Degree of Freedom

S-S Rotation about an axis passing through the centers of the two ball joints.

S—E Rotation about an axis passing through the center of the ball and per-
pendicular to plane of the plane pair.

E — E  Sliding along an axis parallel to the line of intersection of the planes of
the two E pairs. If the two planes are parallel, three passive dof exist.

Passive degrees of freedom cannot be used to transmit motion or torque about
an axis. When such joint pairs exist, one degree of freedom should be subtracted
from the degrees of freedom equation. We exclude the E — E combination as being
impractical, because a link (or links) with an £ — E pair can slide freely along an
axis parallel to the line of intersection of the two E planes. Let f}, be the number of
passive degrees of freedom in a mechanism, then Equation (4.3) can be modified as

J
F=xn—j—D+Y fi—fp- (4.4)

i=1
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In general, if the Griibler criterion yields F > 0, the mechanism has F' degrees
of freedom. If the criterion yields F = 0, the mechanism becomes a structure with
zero degrees of freedom. On the other hand, if the criterion yields F < 0, the mech-
anism becomes an overconstrained structure. It should be noted, however, that there
are mechanisms that do not obey the degrees of freedom equation. These overcon-
strained mechanisms require special link length proportions to achieve mobility. The
Bennett [5] mechanism is a well-known overconstrained spatial 4R linkage. It con-
tains four links connected in a loop by four revolute joints. The opposite links have
equal link lengths and twist angles, and are related to that of the adjacent link by a
special condition. According to Equation (4.3), the degrees of freedom of the Ben-
net mechanism should be equal to —2. In reality, the mechanism does possess one
degree of freedom. Other well-known overconstrained mechanisms include the Gold-
berg [10] five-bar and Bricard six-bar linkages. Recently, Mavroidis and Roth [13]
developed an excellent methodology for the analysis and synthesis of overconstrained
mechanisms. Many previously known and new overconstrained mechanisms can be
found in that work. This text is not concerned with overconstrained mechanisms.

Example 4.1 Planar Three-Link Chain

For the planar three-link, 3R kinematic chain shown in Figure 4.2, we have n = 3
and j = j; = 3. Equation (4.3) yields F = 3(3 —3 — 1) + 3 = 0. Hence, a planar
three-link chain connected by revolute joints is a structure. Three-link structures can
be found in many civil engineering applications.

FIGURE 4.2
Three-bar structure.

Example 4.2 Planar Four-Bar Linkage

For the planar four-bar, 4R linkage shown in Figure 1.8, we have n = 4 and
Jj = j1 = 4. Equation (4.3) yields F = 3(4 —4 — 1) +4 = 1. Hence, the planar
four-bar linkage is a one-dof mechanism.
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Example 4.3 Planar Five-Bar Linkage

For the planar five-bar, 5R linkage shown in Figure 4.3, we have n = 5 and
Jj = j1 = 5. Equation (4.3) gives F = 3(5 — 5 — 1) + 5 = 2. Hence, the planar
five-bar linkage is a two-dof mechanism.

FIGURE 4.3
Five-bar linkage.

Example 4.4 Spur-Gear Drive

For the spur-gear set shown in Figure 1.10, we have n = 3 and j; = 2, j» = 1.
Equation (4.3) gives F = 3(3 —3 — 1) + 4 = 1. Therefore, the spur-gear drive is a
one-dof mechanism.

Example 4.5 Spatial RCSP Mechanism

For the spatial RCSP mechanism shown in Figure 3.17, we have n = 4, j; =
2, j» = 1l,and j3 = 1. Equation (4.3)yields F = 6(4—4—1)4+2x14+1x2+1x3 = 1.
Hence, the RC S P linkage is a one-dof mechanism.

Example 4.6 Swash-Plate Mechanism

For the swash-plate mechanism shown in Figure 1.12, we have n = 4, j; =
2, =0, ja=2, j=j1+j3 =4 and f, = 1. Equation (4.4) gives
F=64—-4-1)+2x142x3-1=1.

Both the RC S P and swash-plate mechanisms can be designed as a compressor or
engine mechanism.
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4.4 Loop Mobility Criterion

In the previous section, we derive an equation that relates the degrees of freedom
of a mechanism to the number of links, number of joints, and type of joints. It is also
possible to establish an equation that relates the number of independent loops to the
number of links and number of joints in a kinematic chain.

The four-bar linkage shown in Figure 1.8 is a single-loop kinematic chain having
four links connected by four joints. The five-bar linkage shown in Figure 4.3 is also
a single-loop kinematic chain. It is made up of five links connected by five joints.
We observe that for a single-loop kinematic chain (planar, spherical, or spatial), the
number of joints is equal to the number of links (n = j), and the links are all binary.

We now extend a single-loop chain to a two-loop chain. This can be accomplished
by taking an open-loop chain and joining its two ends to members of a single-loop
chain by two joints as shown in Figure 4.4. We observe that by extending from a

Note that A and B are two attachment points.

FIGURE 4.4
Formation of a multiloop chain.

one- to two-loop chain, the number of joints added is more than the number of links
by one. Similarly, an open-loop chain can be added to a two-loop chain to form a
three-loop chain, and so on. By induction, extending a kinematic chain from 1 to L
loops, the difference between the number of joints and number of links is increased
by L — 1. Therefore,

L=j—n+1. 4.5)
Or, in terms of the total number of loops, we have

L=j—n+2. (4.6)
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Equation (4.5) is known as Euler’s equation. Combining Equation (4.5) with Equa-
tion (4.3) yields

j
Y fi=F+AL. 4.7
i=l1

Equation (4.7) is known as the loop mobility criterion. The loop mobility criterion is
useful for determining the number of joint degrees of freedom needed for a kinematic
chain to possess a given number of degrees of freedom.

Example 4.7 Four-Bar Linkage

For the planar four-bar linkage shown in Figure 1.8, we have n = 4, j = 4.
Equation (4.5) yields L = 1. For F = 1, Equation (4.7) yields }_ f; = 1+3x 1 =4.
Hence, the total number of joint degrees of freedom should be equal to four to achieve
a one-dof mechanism.

Example 4.8 Humpage Gear Reducer

The Humpage gear reduction unit shown in Figure 3.14 is a five-bar spherical
mechanism, in which links 1, 2, and 5 are three coaxial bevel gears, link 3 is a
compound planet gear, and link 4 is the carrier. In this mechanism, link 1 is fixed
to the ground, link 5 is the input link, and link 2 serves as the output link. The
compound planet gear 3 meshes with gears 1, 2, and 5. Overall, the mechanism has
four revolute joints and three gear pairs. With A =3, n =5, j; =4, j» = 3, and
F = 1, Equation (4.5) yields L = 3 and Equation (4.7) yields >_ f; = 10. I

4.5 Lower and Upper Bounds on the Number of Joints on a Link

Since we are interested primarily in nonfractionated closed-loop chains, every link
should be connected to at least two other links. Let d; denote the number of joints on
link i. The lower bound on d; is

di>2. (4.8)

The upper bound on d; can be established from graph theory. Using the fact that the
number of loops of which a vertex is a part is equal to its degree, and the maximum
degree of a vertex is equal to the total number of loops, we have

L>d, (4.9)
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where L = L + 1. Combining Equations (4.8) and (4.9) yields
L>d >2. (4.10)

In other words, the minimum number of joints on each link of a closed-loop chain
is 2 and the maximum number is limited by the total number of loops.

Example 4.9 Stephenson Six-Bar Linkage

Figure 4.5 shows the kinematic structure and graph representation of the Stephenson
six-bar linkage. The number of joints on the links are: dj = d3 = d4s = dg = 2, and
d» = ds = 3. Since there are six links and seven joints, the number of independent
loopsis givenby L = j —n+ 1 =7 — 6 + 1 = 2. Hence, the number of joints on
any link is bounded by 3 > d; > 2.

2 @ 5
6
3 4
(a) Kinematic structure (b) Graph representation
FIGURE 4.5
Stephenson six-bar linkage.
Since each joint connects two links, we have
n
Zdi=d1+d2+"'+d"=2j' 4.11)

i=1

Equation (4.11) is equivalent to Equation (2.4) derived in Chapter 2. Given the number
of joints, Equation (2.4) can be solved for various vertex-degree listings. The solution
can be regarded as the number of combinations with repeats permitted of n things
taken 2 at a time, subject to the constraint imposed by Equation (4.10) [11]. Since
Zi d; over vertices of even degree and 2 j are both even numbers, we conclude that
the number of links in a mechanism with an odd number of joints is an even number.
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4.6 Link Assortments

Links in a mechanism can be grouped according to the number of joints on them.
A link is called a binary, ternary, or quaternary link depending on whether it has two,
three, or four joints. Figure 4.6 shows the graph and kinematic structural representa-
tions of the above three links.

Graph Kinematic Structure Comments

—— O——O Binary link

—< O& Ternary link
X % Quaternary link

FIGURE 4.6
Binary, ternary, and quaternary links.

Let n; denote the number of links with i joints, that is, ny denotes the number of
binary links, 73 the number of ternary links, n4 the number of quaternary links, and
so on. Clearly,

np+ny+ng+---+n=n, 4.12)

where r = L denotes the largest number of joints on a link.
Since each of the n; links contains i joints and each joint connects exactly two
links, the following equation holds.

2ny +3n3+4ng+---+rn, =2j . 4.13)

Equations (4.12) and (4.13) are equivalent to Equations (2.8) and (2.9) derived in
Chapter 2.
Multiplying Equation (4.12) by 3 and subtracting Equation (4.13), we obtain

no=3n—-2j+mag+2n5+---) . 4.14)
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Therefore, the lower bound on the number of binary links is
ny>3n—2j. (4.15)

Given the number of links and the number of joints, Equations (4.12) and (4.13)
can be solved for all possible combinations of ny, n3, ..., n,. All solutions, however,
must be nonnegative integers. The number of solutions can be treated as the number
of partitions of the integer 2 j into parts 2, 3, . . ., r with repetition permitted. This is a
well-known problem in combinatorial analysis. The solutions can be found by using
a nested-do loops computer algorithm to vary the values of n;. See Appendix A for a
description of the method. In the following, we study a heuristic algorithm developed
by Crossley [8].

1. Given the number of links and the number of joints, find the upper and lower
bounds on the number of joints on a link by Equation (4.10), and the minimal
number of binary links by Equation (4.15).

2. Find a particular solution to Equations (4.12) and (4.13). This can be done by
equating all but two variables, say ny and n3, to zero and solving the resulting
equations for these two variables. This produces one solution called a link
assortment.

3. For the link assortment obtained in the preceding step, apply Crossley’s op-
erator, (1, —2, 1) or its negative, wherever possible, to any three consecutive
numbers of n;s. Crossley’s operator effectively adds one link with i — 1 joints,
subtracts two links with i joints, and then adds another link with i 4 1 joints.
The operation does not affect the identities of Equations (4.12) and (4.13). Fur-
thermore, a double application of the operator to any four consecutive n;s with
an offset is equivalent to the application of a (1, —1, —1, 1) operator which,
therefore, can be used alternatively.

4. Repeat Step 3 as many times as needed until all the possible assortments are
found.

For the purpose of classification, each link assortment is called a family. Each
family is identified by a vertex degree listing. The vertex degree listing is defined as
a list of integers representing the number of vertices of the same degree in ascending
order. Specifically, in the vertex degree listing, the first digit represents the number of
binary links, the second the number of ternary links, the third the number of quaternary
links, and so on. For example, a kinematic chain with ny = 4,n3 = 1, n4 = 3, and
ns = 2 (or in terms of a graph there are 4 vertices of degree two, 1 vertex of degree
three, 3 vertices of degree four, and 2 vertices of degree five) has a vertex degree
listing of “4132.”

Example 4.10 Link Assortments of (8, 10) Kinematic Chains

We wish to find all possible link assortments for planar kinematic chains withn = 8
and j = 10. Applying Equation (4.6), the upper bound on the number of joints on a
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link is 4. From Equation (4.15), the lower bound on the number of binary links is 4.
Hence, with n = 8 and j = 10, Equations (4.12) and (4.13) reduce to

ny+n3+ny = 8§, (4.16)
2ns + 3n3 + 4ny 20 . “4.17)

A particular solution to Equations (4.16) and (4.17) is found to be ny = 4, n3 = 4,
and ng = 0. Applying Crossley’s operator, we obtain the following three families of
link assortments:

Family n, n3 ng
4400 4 4 0

5210 5 2 1
6020 6 0 2

The 4400 family is made up of 4 binary and 4 ternary links; the 5210 family consists
of 5 binary, 2 ternary, and 1 quaternary links; and the 6020 family is composed of
6 binary and 2 quaternary links.

The above solutions can also be treated as a problem of solving a system of 2
linear equations in 3 unknowns, subject to the constraints that ny, n3, and n4 must
be nonnegative integers and that np > 4. Subtracting 2 x Equation (4.16) from
Equation (4.17), we obtain

n3+2ns = 4. (4.18)

Equation (4.18) contains two unknowns. Since both 2n4 and 4 are even numbers, 13
must be an even number. Let n3 assume the values of 0, 2, and 4, one at a time, then
ng = 2, 1, and 0, respectively. Once n3 and n4 are known, we solve Equation (4.16)
for n,. This leads to the same results.

|
4.7 Partition of Binary Link Chains

Binary links in a mechanism may be connected in series to form a binary link chain.
The first and last links of a binary link chain are necessarily connected to nonbinary
links. We define the length of a binary link chain by the number of binary links in
that chain. Furthermore, we consider the special case for which two nonbinary links
are connected directly to each other as a binary link chain of zero length. Binary link
chains of length 0, 1, 2, and 3 are called the E, Z, D, and V chains, respectively, as
depicted in Figure 4.7.

Let by denote the number of binary link chains of length k, and g denote the
maximal length of a binary link chain in a kinematic chain. Applying Equations (2.39)
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Graph Kinematic Structure Comments
E-chain
1 1
/.\ Z-chain
1 2 ’ >
/. \ D-chain
1 2 3 1
20— 2 V-chain
3

FIGURE 4.7
Various binary link chains.

and (2.40), we obtain

by +2by +3b3+---+qb; = ny, 4.19)
bo+by+by+bs+---+b;, = j—ny. (4.20)

The length of a binary link chain is limited by the fact that the degrees of freedom
associated with a binary link chain must be less than that of the mechanism as a whole.
A binary link chain of length k contains k binary links and k + 1 joints. If the links
and joints of a binary link chain were independently movable with F-dof relative to
the rest of the mechanism, Equation (4.7) would lead to

k+1

d fi=F+n,
i=1

where Zf‘ill fi denotes the total joint degrees of freedom associated with a binary
link chain of length k. It follows that the remaining links and joints of the mechanism
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would be overconstrained. Therefore, to avoid such degenerate cases, we impose the
condition

k+1

S fisF+i-1. 4.21)

i=1

The maximum number of joints occurs when all the joints in a binary link chain are
one-dof joints. It follows from Equation (4.21) that the length of a binary link chain
is limited by

g<F+1-2. (4.22)

For each family of link assortment, we can solve Equations (4.19) and (4.20)
for various combinations of binary link chains. Since Equation (4.20) contains one
more variable than that of Equation (4.19), we can solve Equation (4.19) for by for
k=1,2,...,q,and then Equation (4.20) for by. The solution to Equation (4.19) can
be regarded as the number of partitions of the integer n; into parts 1, 2, ..., g with
repetition allowed. We can employ a nested-do loops computer algorithm to vary the
value of each by to search for all feasible solutions. We call each solution set of by a
branch. Thus a family of binary link assortment may produce several branches.

Example 4.11 Partition of Binary Links for the (8, 10) Kinematic Chains

We wish to identify all possible partitions of the binary links associated with the
(8, 10) planar kinematic chains derived in the preceding section. Assuming F' = 1,
Equation (4.22) gives

g =<2
as the upper bound on the length of a binary link chain.

4400 family: The 4400 family contains 4 binary links. Hence, Equations (4.19)
and (4.20) reduce to

bi+2b, = 4, (4.23)
bo+b+by = 6. (4.24)

Solving Equation (4.23) for nonnegative integers of b1 and by, and then Equa-
tion (4.24) for by yields

Branch by by by

1 4 0 2
2 32 1
3 2 4 0

Hence, there are three branches of binary link chains. The first branch consists of
no binary link chains of length 1 and two binary link chains of length 2; the second
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consists of two binary link chains of length 1 and one of length 2; and the third consists
of four binary link chains of length 1 and none of length 2.

5210 family: The 5210 family contains 5 binary links. Hence, Equations (4.19)
and (4.20) reduce to

by +2b, = 5, (4.25)
bo+bi+by = 5. (4.26)

Solving Equation (4.25) for nonnegative integers of b; and b, and then Equa-
tion (4.26) for by produces

Branch by by by
1 2 1 2
2 1 3 1
3 0 5 0

Therefore, there are three branches of binary link chains. The first branch consists
of one binary link chain of length 1 and two binary link chains of length 2; the second
consists of three binary link chains of length 1 and one of length 2; and the third
consists of five binary link chains of length 1 and none of length 2.

6020 family: The 6020 family contains 6 binary links. Hence, Equations (4.19)
and (4.20) reduce to

by +2b, = 6, (4.27)
bo+bi+by = 4. (4.28)

Solving Equation (4.27) for nonnegative integers of b; and b, and then Equa-
tion (4.28) for by yields

Branch by by by

1 1 0 3
2 o 2 2

The first branch consists of no binary link chains of length 1 and three binary link
chains of length 2. The second branch consists of two binary link chains of length 1
and two of length 2.

4.8 Structural Isomorphism

Two kinematic chains or mechanisms are said to be isomorphic if they share the
same topological structure. In terms of graphs, there exists a one-to-one correspon-
dence between their vertices and edges that preserve the incidence. Mathematically,
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structural isomorphisms can be identified by their adjacency or incidence matrices.
However, the form of an adjacency matrix is dependent on the labeling of links in a
kinematic chain.

For example, the graph shown in Figure 3.13 is obtained from a relabeling of the
vertices of the graph shown in Figure 3.10. As aresult, the adjacency matrix becomes

0

—_—

A" = (4.29)

—_ ok O
— e O 0

8
0
1 0

Although the graphs shown in Figures 3.10 and 3.13 represent the same gear train,
their adjacency matrices do not assume the same form. The difference comes from the
labeling of the links. In fact, the two adjacency matrices, Equations (3.3) and (4.29),
are related by a permutation of the rows and the corresponding columns.

Let S be a column matrix whose elements represent the labeling of the links of a
kinematic chain and S$* be another column matrix whose elements correspond to a
relabeling of the links of the same kinematic chain. Then there exists a permutation
matrix, P, such that

S*=PS. (4.30)
In this regard, A* is related to A by a congruence transformation,
A*=PTAP, (4.31)

where PT denotes the transpose of P. Theoretically, the permutation matrix P can be
derived by reordering the columns of an identity matrix. It has a positive or negative
unit determinant and the transpose is equal to its inverse [17].

For example, if the column matrix for the graphs shown in Figure 3.10 is

1
2
S = 3| (4.32)
4
then the column matrix for the graph shown in Figure 3.13 is
4
S§* = ! (4.33)
=| 5 .
3
Therefore, the permutation matrix is given by
0 0 01
1 0 0O
P = 010 0 (4.34)
0010
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Obviously, Equations (4.32), (4.33), and (4.34) satisfy Equation (4.30). Substituting
Equations (3.3) and (4.34) into Equation (4.31) yields

0100 01 1 1 00 0 1
. oTip_ | OO0 10 1 0 g 0 1 000
AT = PRAP =14 0 0 1 1 g 0 g 0100
1000 1 0 g 0 00 1 0

0 g 0 1

0 1
=ggf)1 (4.35)

1 1 10

Equations (4.30) and (4.31) constitute the definition of structural isomorphism. In
other words, two kinematic structures are said to be isomorphic if there exists a one-to-
one correspondence between the links of the two kinematic chains, Equation (4.30),
and when the links are consistently renumbered, the adjacency matrices of the two
kinematic chains become identical, Equation (4.31).

4.9 Permutation Group and Group of Automorphisms

We observe that the adjacency matrix of a kinematic chain depends on the labeling
of the links. An alternate labeling of the links is equivalent to a permutation of n
elements or objects. In this section, we introduce the concept of a permutation group
from which a group of automorphisms of a graph will be described. Automorphic
graphs are useful for elimination of isomorphic graphs at the outset.

Consider a set of elements: a, b, ¢, d, e, and f. These elements may represent
the vertices or edges of a graph, or the links or joints of a kinematic chain. Let
these elements be arranged in a reference sequence, say (a, b, c,d, e, f). We call
an alternate sequence (b, c, a, d, f, e) a permutation of (a, b, c,d, e, f), in which
a — b (element a is mapped into b), b — ¢,¢c - a,d - d,e — f,and f — e.
The reference sequence, (a, b, ¢, d, e, f), is called the identity permutation.

In a permutation, some elements may map into other elements, whereas others may
map into themselves. A mapping of the type a — b — ¢ — a, denoted by (abc),
is said to form a cycle. We define the length of a cycle by the number of elements in
that cycle. In particular, a cycle of length 1 maps an element into itself; that is, (d)
means that d — d.

A permutation is said to be represented in cycles if each element occurs exactly
once and the mapping of the elements is represented by the cycles. For example,
the mapping of (a, b, ¢, d, e, f) into (b, c, a, d, f, e) has a cyclic representation of
(abc)(d)(ef), where the lengths of the 3 cycles are 3, 1, and 2, respectively. In
particular, the identity permutation is denoted by (a)(b)(c)(d)(e)(f).
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49.1 Group

A set of n elements, aj, as, ..., a,, is said to form a group under a given group
operation, denoted by the multiplication symbol a; - a;, if the following axioms are
satisfied [7]:

1. Closure: 1f a; and a; are two elements of the group, then a; - a; is also an
element of the group.

2. Associativity: For all elements of the group,
(al- -aj) Al = a; - (aj ~ak) .
In this regard, (a; - a;) - ai is denoted unambiguously by a; - a; - ay.
3. Existence of an identity element: There exists an element, a;4, such that
aidoaj :aj ~Aaid :aj
for all elements of the group.

4. Existence of inverses: For each element, a;, there exists an inverse element,
a/._l, such that

aj~aj_ =diq .

We note that the group operation is not necessarily commutative; thatis a ;-ay # ax-a;.
A permutation group is a group whose elements are permutations. The group
operation for a permutation group is defined as follows. Let permutation a; map

element x, into x,, whereas permutation a; maps element x, into x,. Then the
product a; - ax maps x into x;.

Example 4.12 Symmetric Group of Three Elements

Let three elements, denoted by the integers 1, 2, and 3, be ordered in a reference
sequence (1, 2, 3). We show that the following six permutations form a group:

Element Permutation Cyclic Representation
ay (1,2,3) — (1,2,3) MHR)(3)
az (1,2,3) —> (1,3,2) (H(23)
as (1,2,3) — (2,1,3) (12)(3)
as (1,2,3) — (2,3, 1) (123)
as (1,2,3) - (3, 1,2) (132)

ae (1,2,3) - (3,2, 1) 13)(2)
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Following the definition of group operation, we can construct a multiplication table:

ay day az d4 das dg
ay |ay az az a4 as dae
ay |ap ay as ag a3 aa4
az | a3 a4 ay ay daeg das
a4 | a4 az ae as ay ap
as |as ag a» ay a4 as
ag | dg a5 a4 az daz daj

We conclude that every product is an element of the group; the associative law
holds; aj is the identity element; a4 and a5 are mutually the inverse of each other;
and every other element is its own inverse.

4.9.2 Group of Automorphisms

We consider a graph as labeled when its vertices are labeled by the integers 1, 2, . . .,
n. In this regard, a labeled graph is mapped into another labeled graph when the n
integers are permuted. For some permutations, a labeled graph may map into itself.
The set of those permutations which map the graph into itself form a group called a
group of automorphisms. This group of automorphisms is said to be a vertex-induced
group [9].

Similarly, the edges of a graph may be labeled. We call the group of permutations
that maps the graph into itself an edge-induced group of automorphisms.

Example 4.13 Stephenson Chain

Consider the Stephenson chain shown in Figure 4.8a, where the six links are labeled
from 1 to 6. The corresponding graph is shown in Figure 4.8b. Let this labeling of the
graph be the identity permutation, a; = (1)(2)(3)(4)(5)(6). Figures 4.8c through e
show three permutations of the labeling that can be denoted as a> =(1)(2)(3)(4)(56),
az =(14)(23)(5)(6), and as =(14)(23)(56), respectively. In the following we show
that the above four labeled graphs form a group of automorphisms.

Following the definition of group operation, we can construct a multiplication table:

|ai ay a3 a4
al |ar ar a3 as4
@ la a as a3
alay ay ar ar
as | as a3 ar a

We conclude that every product is an element of the group; the associative law
holds; aj is the identity element; and every element is its own inverse. Therefore,
ai, az, az, and a4 form a group of automorphisms.
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(a) Functional schematic

3 4 3 4
| @ |
2 1 o ]
(b) Graph representation (c) Automorphic graph 1
2 1 2 1
| @ |
3 4 3 4
(d) Automorphic graph 2 (e) Automorphic graph 3
FIGURE 4.8

Stephenson chain, its graph representation, and automorphic graphs.

Two vertices of a graph are said to be similar if they are contained in the same
cycle of a permutation of a vertex-induced group of automorphisms. In the above
example, vertices 1 and 4 are similar. Vertices 5 and 6, and 2 and 3 are also similar.
Similar vertices have the same vertex degrees and their adjacent vertices also have
the same vertex degrees. In other words, similar vertices possess the same attributes.
Automorphic graphs are by definition isomorphic. Analogously, two edges of a graph
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are said to be similar it they are contained in the same cycle of a permutation of an
edge-induced group of automorphisms.

4.10 Identification of Structural Isomorphism

An important step in structure synthesis of kinematic chains or mechanisms is
the identification of isomorphic structures. Undetected isomorphic structures lead to
duplicate solutions, while falsely identified isomorphisms reduce the number of feasi-
ble solutions for new designs. Several methods of identification have been proposed.
Some are based on visual approaches while others are based on heuristic approaches.
Each method has its own advantages and disadvantages. Anideal algorithm, however,
should satisfy the following conditions [15]:

1. Uniqueness. There exists a one-to-one correspondence between the kinematic
chain and its mathematical representation so that structural isomorphism can
be uniquely identified.

2. Efficiency. The algorithm for identification of isomorphic mechanisms should
be simple and computationally efficient. This is essential for automated iden-
tification of structural isomorphisms.

3. Decodability. The mathematical representation can be transformed into a
unique kinematic chain. This makes it possible for a large number of graphs
or mechanisms to be stored in a computer for use by designers.

Both the adjacency and incidence matrices determine the topological structure of
a mechanism up to structural isomorphism. They satisfy the uniqueness and decod-
ability conditions. However, they are computationally inefficient. For this reason,
other methods of identification have been proposed. The following provides brief
descriptions of several of them.

4.10.1 Identification by Classification

Kinematic chains (or graphs) can be classified into families according to the number
of links, number of joints, various link assortments, etc. Obviously, kinematic chains
of different families cannot be isomorphic with one another. This fact has been used
for classification and identification of the topological structures of kinematic chains.

For example, Buchsbaum and Freudenstein [6] classified the graphs of epicyclic
gear trains according to their (1) number of vertices, (2) number of edges, and (3)
vertex degree listing. Yan and Hwang [20, 21] expanded the above classification
method to include other attributes such as joint assortments, and so on.

Kinematic chains can also be classified by their corresponding contracted graphs.
Obviously, two kinematic chains that belong to two different contracted graphs cannot
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be isomorphic. For example, Figure 4.9 shows two (11, 14) graphs. Both graphs
contain 11 vertices and 14 edges. In addition, they share the same vertex degree
listing of 6410. Hence, up to this level of classification, it appears that they might
be isomorphic. However, the contracted graph of the graph shown in Figure 4.9a
belongs to the 58-2 graph shown in Table B.1, whereas the one shown in Figure 4.9b
belongs to the 58-3 graph. Therefore, they are not isomorphic.

1
2 1
2 6
3 7
4 6 3 >
5 4
(a) (b)
FIGURE 4.9
Two (11, 14) graphs.

4.10.2 Identification by Characteristic Polynomial

In the preceding section, we have shown that the problem of testing structural iso-
morphism is equivalent to one of determining a permutation matrix P that transforms
the A into A* for the two kinematic chains in question. For an n-link kinematic chain,
there are n! possible ways of labeling the links and, therefore, n! possible permutation
matrices. Therefore, it is impractical to identify the permutation matrix by trial-and-
error. Fortunately, there exists a convenient method for the determination of such a
permutation matrix.

A well-known theorem of matrix algebra states that the congruence relation given
by Equation (4.31) can exist only if the characteristic polynomials of the two adjacency
matrices, A and A*, are equal to each other; that is,

lxI — A| = |xI — A* (4.36)

holds for all x, where x is a dummy variable and [ is an identity matrix of the same
order as A. We conclude that
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THEOREM 4.1
The adjacency matrices of two isomorphic kinematic chains possess the same char-
acteristic polynomial.

For example, the linkage characteristic polynomial for the graph shown in Fig-
ure 3.10 is

x o1 -1 -1
|- x —g 0]_ 4 2) 2
PO=| ") 4 g |=F <3+2g X% —4gx (4.37)
—1 0 —g X

and the linkage characteristic polynomial for the graph shown in Figure 3.13 is

x —g 0 —1
=] 8 * 8 1 —x4—<3+22)x2—4x (4.38)
PO=1 g g x 1|7 8 8x - :
1S -1 o«

Since p(x) = p*(x), the two graphs are most likely isomorphic.

It should be noted that the above theorem is a necessary, but not a sufficient condition
for two kinematic chains to be isomorphic. Although this condition is not completely
discriminatory, it can successfully distinguish bar linkages with up to eight links. As
the number of links increases, however, the probability of failing to detect structural
isomorphismincreases. Counter examples have been found where two nonisomorphic
kinematic chains share the same characteristic polynomial [14].

For example, Figure 4.10 shows two (10, 13) nonisomorphic graphs sharing the
characteristic polynomial:

p(x) = x'0 —13x® £ 5320 — 8x7 — 82x* 4 26x° +39x2 — 16x.  (4.39)

Similarly, Figure 4.11 shows two (11, 14) nonisomorphic graphs sharing the charac-
teristic polynomial:

p(x) =x" = 14x° + 65x7 — 130° + 112x3 + 32x . (4.40)

This method of identification requires the derivation of characteristic polynomials.
Uicker and Raicu [17] presented a computer method for derivation of the coefficients
numerically. Yan and Hall [18, 19] developed a set of rules for determination of
the polynomials by inspection. Tsai [16] suggested the use of the random number
technique to improve the computational efficiency. Obviously, we can always use a
commercial software such as Mathematica or Matlab for derivation of characteristic
polynomials symbolically.

Because the characteristic polynomial cannot fully identify structural isomor-
phisms, the method is often augmented by other techniques such as classification of
kinematic chains according to their contracted graphs. For example, the graph shown
in Figure 4.10a belongs to the 58-2 contracted graph shown in Table B.1, whereas
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1 1
2 6 2 6
7
10
3 A & 5 3 5
4 4
(a) (b)
FIGURE 4.10

Two (10, 13) nonisomorphic graphs.

(a) (b)

FIGURE 4.11
Two (11, 14) nonisomorphic graphs.
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the one shown in Figure 4.10b belongs to the 58-3 contracted graph. Therefore,
these two graphs cannot be isomorphic although they share a common characteristic
polynomial. Similarly, the graphs shown in Figure 4.11a and b cannot be isomorphic
because they belong to two different contracted graphs, 58-2 and 58-3, respectively.

4.10.3 Optimum Code

Despite the extraordinary degree of discrimination, the method of characteristic
polynomial encounters difficulties in three respects. (1) The method is not decod-
able. (2) It is not a sufficient condition for identification of structural isomorphism.
(3) The computational efficiency is poor. To overcome these difficulties, Ambekar
and Agrawal [1, 2, 3] suggested a method of identification called the optimum code.
In contrast to the characteristic polynomial method, the optimum code guarantees the
decodability and positive identification of structural isomorphism. The method in-
volves a technique for labeling the links of a kinematic chain such that a binary string
obtained by concatenating the upper triangular elements of the adjacency matrix row
by row, excluding the diagonal elements, is maximized. This is called the MAX code.

To illustrate the concept, let us consider the six-link Stephenson chain shown in
Figure 4.8a. The corresponding labeled graph is shown in Figure 4.8b. Let the
labeling of the vertices shown in Figure 4.8b be denoted by an identity permutation
a; = (1)(2)(3)(4)(5)(6). Then the adjacency matrix is given by

0100 1 1
1 01000
01 0100

Al=1001 01 1 (4.41)
1 00100
1 00100

Excluding the diagonal elements, there are 15 binary elements in the upper triangular
adjacency matrix, namely 10011, 1000, 100, 11, and 0. Writing these elements in
sequence we obtain a binary string of 100111000100110, which can be converted
into a decimal number as follows.

1001110001001105 = 21 4211 4210 4 29 4 25 4 22 4 21 — 20006 .

Figure 4.12a shows a different labeling of the vertices that corresponds to the
permutation a; = (1)(245)(36). For this labeling, the adjacency matrix becomes

Ay = (4.42)

SO =K== O
S = OO O -
S = OO O -
—_ 0 O O O =
—_0 O = = O
S == O O O
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6 5 3 6
3 2
4 1 4 5
(a) Graph labeled for MAX code (b) Graph labeled for MIN code
FIGURE 4.12

Stephenson chain labeled for the MAX and MIN codes.

Therefore, the upper triangular elements of A, form a binary string of 1110000100100
11, which is equal to a decimal number of 28819.

It can be shown that, among all possible labelings of the graph, the labeling shown
in Figure 4.12a leads to a maximum number. We call the number 28819 the MAX
code of the Stephenson chain. We note that several labelings of a graph may lead to
the same MAX code due to the existence of graph automorphisms.

Alternately, we can also search for a labeling of the Stephenson chain that minimizes
the binary string of the upper triangular elements. We call the resulting decimal
number the MIN code. Intuitively, for the permutation a3 = (15)(3)(246) shown
in Figure 4.12b, we obtain a minimum binary string of 000110011101100, which
gives 3308 as the MIN code.

Using the above method, the problem of testing structural isomorphism is converted
into a problem of comparing the optimum codes of two kinematic chains in question.
For an n-link kinematic chain, the method requires n! permutations to arrive at the
optimum code. Clearly, there is a need to develop a more efficient heuristic algorithm
for determination of the optimum code [1]. A poorly developed algorithm may lead
to alocal optimum and, therefore, may reduce the robustness of the method. From the
definition of the MAX code, we observe that the first few rows of the upper triangular
adjacency matrix constitute the most significant bits of the code. Furthermore, in
each row, the closer an element is to the diagonal of the adjacency matrix, the more
contribution it makes to the binary code. Therefore, any efficient algorithm should
aim at shifting as many 1s to the most significant bits of the binary code as possible.
Further, the concept of a group of automorphisms can be employed to further reduce
the number of permutations.

4.10.4 Degree Code

In this section we describe a heuristic algorithm called the degree code [15]. Recall
that the degree of a vertex is defined as the number of edges incident to it. From the
kinematics point of view, the degree of a vertex represents the number of joints on a
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link. Hence, a vertex of degree 2 denotes a binary link, a vertex of degree 3 represents
aternary link, and so on. In the degree code, the vertex degrees are used as a constraint
for labeling the links of a kinematic chain. Links of the same degrees are grouped
together and the various groups of links are arranged in a descending order according
to their vertex degree. While searching for an optimum code, permutation of the links
are constrained within each group such that the degrees of all vertices are always kept
in a descending order. This method not only preserves the advantages of the optimum
code, but also reduces the number of permutations needed for searching the optimum.
For example, if the links of an n-link kinematic chain are divided into 3 groups having
P, q, and r number of links, respectively, where n = p + g + r, the total number of
permutations reduces from n! to plg!r!.

The procedure for finding the degree code of a kinematic chain can be summarized
as follows:

1. Identify the degree of each vertex in the graph of a kinematic chain and arrange
the vertices of the same degree into groups.

2. Renumber the vertices according to the descending order of vertex degrees.

3. Permute the vertices of the same degree to get a new labeling of the graph.
Similar vertices, if any, can be arranged in a subgroup to further reduce the
number of permutations.

4. For each permutation, calculate the decimal number of the binary string ob-
tained by concatenating, row-by-row, the upper-right triangular elements of the
corresponding adjacency matrix.

5. The maximum number obtained from all possible permutations is defined as
the degree code.

For example, the degrees of vertices 1 through 6 of the graph shown in Figure 4.8b
are 3, 2,2, 3,2, and 2, respectively. Since there are two vertices of degree 3 and four
vertices of degree 2, the vertices are divided into two groups: (1, 4) and (2, 3, 5, 6).
As a first attempt, we relabel the graph as shown in Figure 4.13a where integers 1
and 2 are assigned to the two vertices of degree 3. Under the new labeling, the two
groups consist of (1, 2) and (3, 4, 5, 6). We notice that vertices 1 and 2 are similar.
Hence, there is no need to permute these two vertices. Similarly, there is no need
to permute vertices 5 and 6. Following the above procedure, it can be shown that
among all possible permutations, the permutation shown in Figure 4.13b produces a
maximum number. The adjacency matrix is

001 110

001 10 1

110000
AA=1117000 0 (4.43)

1 0000 1

010010
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3 2 6 2
6 4
4 1 5 1
(a) First relabeling (b) Degree code
FIGURE 4.13

Stephenson chain labeled for the degree code.

Therefore, the binary string is 011101101000001, which is equal to a degree code
of 15169. We note that the degree code is smaller than the MAX code, because
permutations of the links for the degree code are confined within each group of
vertices of the same degree.

Finally, we note that the degree codes for the graphs shown in Figures 4.10aand b are
28055807549442 and 28055872017416, respectively. Although the two graphs share
a common characteristic polynomial, their degree codes are unequivocally different.

4.11 Partially Locked Kinematic Chains

For a multiple loop mechanism, the degrees of freedom associated with any loop
can be estimated by Equation (4.3) using the number of links, number of joints, and
type of joints making up that loop. The degrees of freedom associated with any loop
must be at least equal to one, to ensure that no part of a mechanism is locked. In
other words, there must be a sufficient number of links and joints in each loop so that
it does not form a rigid structure.

Substituting F > 1 and L = 1 into Equation (4.7) yields

dofiza+l. (4.44)

Hence, the total joint degrees of freedom in a loop should not be less than four for
planar and spherical mechanisms, and seven for spatial mechanisms. For example, no
three-link loop is permitted in a planar linkage, since any three-link loop with lower
pair joints forms a structure. On the other hand, a three-link loop is permitted in a
planar mechanism consisting of a gear or cam pair.

It is also possible for a multiloop chain to form a rigid structure. For example,
Figure 4.14b shows a five-bar linkage with zero degrees of freedom. A kinematic
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chain containing such a locked chain as its subchain should be discarded from further
consideration, since it can always be replaced by an equivalent kinematic chain with
fewer numbers of links and joints.

Graph Representation Kinematic Structure

1
i i 1 3
2 3 2

(a) Three-link structure

1 4 W///%///

(b) Five-link structure

FIGURE 4.14
Two overconstrained kinematic chains.

4.12 Summary

The correspondence between graphs and mechanisms were discussed, from which
several important properties of graphs were directly translated into that of mecha-
nisms. The study includes the degrees of freedom equation, loop mobility criterion,
upper and lower bounds on the number of joints on a link, link assortments, and
the partition of binary links. In addition, the concept of structural isomorphism
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was defined. Various methods of identification of structural isomorphism, including
the characteristic polynomials, the MAX code, and the degree code, were studied.
Finally, the concept of partially locked kinematic chains was introduced. These struc-
tural characteristics are extremely useful for the development of computer algorithms
for systematic enumeration of mechanisms.
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Exercises

4.1 Find the numbers of degrees of freedom for the mechanism shown in Fig-

ure 4.15.

4.2 Find the number of degrees of freedom for the mechanism shown in Figure 4.16.

4.3 Find the number of degrees of freedom and number of independent loops for

the mechanism shown in Figure 3.18.

4.4 Find the number of degrees of freedom and number of independent loops for

the mechanism shown in Figure 4.17.
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RN
L

NN

1
FIGURE 4.15
Spatial RSSR linkage.
R 3 R
2 i NN
[ @ |
g l— -
1
FIGURE 4.16

Spatial five-bar linkage.

4.5 Sketch a planar graph with six vertices and ten edges in which the degree of a
vertex reaches its maximum.

4.6 For planar one-dof linkages with turning pairs, show that the maximum number
of ternary links cannot exceed n — F — 3.

4.7 Show that planar two-dof, seven-link linkages must be made up of two inde-
pendent loops.

4.8 What is the maximum number of joints a link can have in a planar epicyclic
gear train?

4.9 Do the intermittent motion mechanisms, such as the Geneva mechanism shown
in Figure 4.18, have defined degrees of freedom and are they constant, variable,
or indeterminate?
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FIGURE 4.17
Six-link epicyclic gear train.

Crank Geneva wheel

FIGURE 4.18
Geneva mechanism with a pin-in-slot joint.

4.10 Single degree-of-freedom gear trains with four links must have three revolute
and two gear pairs. Sketch all the possible nonisomorphic graphs and the
corresponding mechanisms, if they exist.

4.11 Prove that if there exists a planar linkage with n members consisting of ny
binary links, n3 ternary links, ..., n, polygonal links, and with F degrees of
freedom, then there exists another linkage having F degrees of freedom and
n + 2 members that contain n3 + 2 ternary links, although the number of all
other polygonal links remains unchanged.
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4.12
4.13

4.14

4.15

STRUCTURAL ANALYSIS OF MECHANISMS

Prove that any planar F-dof linkage must have at least F' + 3 binary links.

Prove that the maximum number of ternary links in a planar one-dof linkage
cannot exceed n — 4.

Find the various link assortments associated with planar, 2-dof, 9-bar link-
ages. Partition the binary links obtained for each link assortment into as many
combinations of binary link chains as possible.

Derive the characteristic polynomials for the two (5, 6) graphs shown in Fig-
ure 4.19 using Matlab.

1
1
2 5
2 4
3 4
3
(@) (b)
FIGURE 4.19
(5, 6) graph.
4.16 Derive the characteristic polynomials for the two graphs shown in Figure 4.9.
4.17 Derive the characteristic polynomials and prove that the two linkages shown in
Figure 4.20 are isomorphic.
4.18 Show that the two linkages shown in Figure 4.21 are isomorphic using the
characteristic polynomial method.
4.19 Derive the MAX code for the two (5, 6) graphs shown in Figure 4.19.
4.20 Show that the two linkages shown in Figure 4.20 are isomorphic using the
degree code.
4.21 Show that the two linkages shown in Figure 4.21 are isomorphic using the

degree code.
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FIGURE 4.20
Watt six-link chains.

(a)

FIGURE 4.21
Stephenson six-link chains.
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Chapter 5

Enumeration of Graphs of Kinematic Chains

5.1 Introduction

In Chapter 3 we have shown that the topological structures of kinematic chains
can be represented by graphs. Several useful structural characteristics of graphs of
kinematic chains were derived. In this chapter we show that graphs of kinematic
chains can be enumerated systematically by using graph theory and combinatorial
analysis.

There are enormous graphs. Obviously, not all of them are suitable for construction
of kinematic chains. Only those graphs that satisfy the structural characteristics
described in Chapter 4 along with some other special conditions, if any, are said to
be feasible solutions. The following guidelines are designed to further reduce the
complexity of enumeration:

1. Since we are primarily interested in closed-loop kinematic chains, all graphs
should be connected with a minimal vertex degree of 2.

2. All graphs should have no articulation points or bridges. A mechanism that is
made up of two kinematic chains connected by a common link but no common
joint, or by a common joint but no common link is called a fractionated mech-
anism. Fractionated mechanisms are useful for some applications. However,
the analysis and synthesis of such mechanisms can be accomplished easily
by considering each nonfractionated submechanism. Therefore, this type of
mechanism is excluded from the study.

3. Unless otherwise stated, nonplanar graphs will be excluded. Although this
is somewhat arbitrary, in view of the complexity of such mechanisms, it is
reasonable to exclude them. It has been shown that for the graph of a planar
one-dof linkage to be nonplanar, it must have at least 10 links.

Perhaps, Cayley, Redfield, and Pdlya are among the first few pioneers in the de-

velopment of graphical enumeration theory. Pdlya’s enumeration theorem provides
a powerful tool for counting the number of graphs with a given number of vertices

101
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and edges [7]. A tutorial paper on Pélya’s theorem can be found in Freudenstein [6].
Although there is no general theory for enumeration of graphs at this time, various
algorithms have been developed [1, 2, 3, 4, 5, 14]. Woo [13] presented an algorithm
based on contraction of graphs. Sohn and Freudenstein [10] employed the concept
of dual graphs to reduce the complexity of enumeration (See also [9]). Tuttle et
al. [11, 12] applied group theory.

In this chapter we introduce several methods for the enumeration of contracted
graphs and graphs of kinematic chains.

5.2 Enumeration of Contracted Graphs

In Chapter 2 we have shown that a conventional graph can be transformed into
a contracted graph by a process known as contraction. In a contracted graph, the
number of vertices is equal to that of the conventional graph diminished by the number
of binary vertices, v = v — vy; the number of edges is also equal to that of the
conventional graph diminished by the number of binary vertices, e¢ = ¢ —v,; whereas
the total number of loops remains unchanged, L¢ = L. Since there are fewer vertices
and edges in a contracted graph, enumeration of conventional graphs can be greatly
simplified by enumerating an atlas of contracted graphs followed by an expansion of
the graphs. In this section we describe a systematic procedure for enumeration of
contracted graphs.

The adjacency matrix, A€, of a contracted graph is a v x v¢ symmetric matrix
with all the diagonal elements equal to zero and the off-diagonal elements equal to
the number of parallel edges connecting the two corresponding vertices. From this
definition, we observe that the sum of all elements in each row of A€ is equal to the
degree of the vertex. Let a; ; denote the (7, j) element of A. It follows that

Otaiot+aiz+---+taie = di,

a1 +0+a;s3+---+ayy = dy,

a1 +az2+0+---+az, = ds,
ag1+agp+--+age—1+0 = dg, 5.1

where ¢ = v¢ denotes the number of vertices in a contracted graph and d; represents
the degree of vertex i. Since the adjacency matrix is symmetric, a; ; = a; ;. To
eliminate articulation points, every vertex must be connected to at least two other
vertices. Hence, there must be at least two nonzero elements in each equation above.
Hence,

di—lza,;jzo. (5.2)
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For a contracted graph, Equation (4.11) can be written as
di+dr+ - +dp =2e. (5.3)
Since there are no binary vertices, Equation (4.10) reduces to
L>d >3. (5.4)

Given v and e, the adjacency matrix of a contracted graph can be derived by
solving Equations (5.1) and (5.3) subject to the constraints imposed by Equations (5.2)
and (5.4).

First, we solve Equation (5.3) for the d;s. Without loss of generality, we assume that
di <dp < --- <dy. The solution to Equation (5.3) can be regarded as the number
of partitions of 2¢¢ objects into £ places with repetition allowed. The solutions can
be obtained by the nested-do loops computer program outlined in Appendix A.

For each set of d;, i = 1,2,...,¢, we solve Equation (5.1) for a; ;. Due to
symmetry and the zero diagonal elements of the matrix, there are only £(£ — 1)/2
unknowns. Itis obvious that for £ = 2, the contracted graph is obtained by connecting
all the edges from one vertex to the other. For £ = 3, Equation (5.1) leads to 3 linear
equations in 3 unknowns. Hence, a unique solution of A€ is obtained. It turns out
that, for £ > 4, the system of equations in Equation (5.1) can be solved one at a time
by the following procedure.

S1. For i = 1, we solve the first equation of Equation (5.1) for a; ; for j =
2,3, ..., using the nested-do loops computer program described in Ap-
pendix A. Increment i fromi = 1toi = 2.

S2. Substitute a;; = a; j, for j = 1,2,...,i — 1, obtained from the previous
step into the ith equation and solve the resulting equation for a; ; for j =
i+1,i+2,...,¢

S3. Repeatstep 2 fori =3,4,... untili = ¢ — 3.

S4. Substitute all the known q; ; into the last three equations of Equation (5.1)
and solve for the remaining three unknowns. The value of each a; ; must be a
nonnegative integer. Otherwise, it is not feasible.

S5. Check for graph isomorphisms.
S6. Repeat S1 to S5 until all the solution sets of d; are executed.

In the following, we illustrate the procedure by a few examples.

Example 5.1 Enumeration of (2, 4) Contracted Graphs

We wish to enumerate all feasible contracted graphs with 2 vertices and 4 edges.
For v¢ =2 and ¢ =4, L = ¢ — v + 2 = 4. Equation (5.3) reduces to

di+dr=8,
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where 4 > d; > 3. There is only one feasible solution: d; = d, = 4. Since there are
only 2 vertices, all edges emanating from 1 vertex must terminate at the other. The
resulting contracted graph is shown in Figure 5.1.

FIGURE 5.1
A (2, 4) contracted graph.

Example 5.2 Enumeration of (3, 5) Contracted Graphs

We wish to enumerate all feasible contracted graphs having 3 vertices and 5 edges.
For v =3 and ¢ =5, L = ¢ — v 4+ 2 = 4. Equation (5.3) reduces to

di+dy+d3s =10,

where 4 > d; > 3. Solving the above equation by the procedure outlined in Ap-
pendix A yields dy = d> = 3 and d3 = 4 as the only solution.

Substituting di = d» = 3 and d3 = 4 into Equation (5.1) results in a system of
3 equations in 3 unknowns:

aip+aiz = 3,
aijp+a3z = 3,
a3 +azy = 4, (5.5)

where 2 > a; j > 0. Solving Equation (5.5) yields a;» = 1 and a1 3 = az3 = 2.
Hence, the adjacency matrix of the contracted graph is

A =

N = O
N O =
S NN

The corresponding graph is shown in Figure 5.2. I
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3

FIGURE 5.2
A (3, 5) contracted graph.

Example 5.3 Enumeration of (4, 6) Contracted Graphs

We wish to enumerate all feasible contracted graphs with 4 vertices and 6 edges.
For v¢ =4 and e = 6, L = ¢ — v + 2 = 4. Hence, Equation (5.3) reduces to

di+do+d3s+dy =12, (5.6)

where 4 > d; > 3. Solving Equation (5.6) by the procedure outlined in Appendix A

yields dy = d» = d3 = d4 = 3 as the only solution.

Substituting di = dy = d3 = ds = 3 into Equation (5.1) leads to a system of

4 equations in 6 unknowns:

aip+aiz+aiys
aipxt+axs+aza
ai3taxs+asa
a4+ ara+aza

3, (5.7)
3, (5.8)
3, (5.9)
3, (5.10)

where 2 > q; ; > 0. Equation (5.7) contains 3 unknowns: aj 2, a1,3, and aj 4. Atthis
point, no distinction can be made among the 4 vertices. Without loss of generality,
we assume that a; 2 < a; 3 < aj 4. Note that solutions obtained in any other order
will simply lead to isomorphic graphs. Solving Equation (5.7) for aj 2, a1 3, and aj 4

yields the following two solutions:

ars

a4

Solution  aj
1 0
2 1

1
1

2
1

Solution 1: Substituting a;» = 0,a;1,3 = 1, and a; 4 = 2 into Equations (5.8),
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(5.9), and (5.10) yields

m3tay = 3, (5.11)
a3ztazs = 2, (5.12)
as+azs = 1. (5.13)

Solving Equations (5.11), (5.12), and (5.13), we obtain a3 = 2,a24 = 1, and
az 4 = 0. Thus, the adjacency matrix of the contracted graph is

AC =

N—= O O
— OO
SO =N

1
2
0
0

The corresponding contracted graph is shown in Figure 5.3a.

4 2 3
1 3 1 5
(a) (4, 6) contracted graph-1 (b) (4, 6) contracted graph-2
FIGURE 5.3

Two (4, 6) contracted graphs.

Solution 2: Substituting aj» = a13 = aj4 = 1 into Equations (5.8), (5.9),
and (5.10) yields

am3z+as = 2, (5.14)
am3tazs = 2, (5.15)
amstazs = 2. (5.16)

Solving Equations (5.14), (5.15), and (5.16), yields az 3 = a» 4 = a3 4 = 1. Hence,
the adjacency matrix of the contracted graph is

AC =

—_—— = O
—_—— O =
—_—O = =
O == =
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The corresponding contracted graph is shown in Figure 5.3b. 0

The above procedure can be employed to enumerate contracted graphs having
several vertices and edges. An atlas of contracted graphs with up to four independent
loops and six vertices is given in Appendix B.

5.3

Enumeration of Conventional Graphs

Various algorithms for enumeration of conventional graphs have been developed.
Obviously the procedure described in the preceding section for enumeration of con-
tracted graphs can also be applied. However, direct enumeration of the adjacency
matrices becomes more involved with a larger number of vertices and edges. In this
section, we outline a systematic enumeration methodology developed by Woo [13].
The method is based on the concept of expansion from contracted graphs. The pro-
cedure involves the following steps:

S1.

S2.

S3.

S4.

S5.

S6.

Given the number of links and the number of joints, solve Equations (4.12)
and (4.13) for all possible link assortments. We call each link assortment a

family.

For each family, identify the corresponding contracted graphs from Appendix
B.

Solve Equations (4.19) and (4.20) for all possible combinations of binary link
chains. We call each combination of binary link chains a branch.

Permute the edges of each contracted graph with each combination of binary
link chains obtained in S3 in as many arrangements as possible. This is equiv-
alent to the problem of coloring the edges of a graph. Here, the concept of
similar edges can be employed to reduce the number of permutations.

Eliminate those graphs that contain either parallel edges or partially locked
subchains.

Check for graph isomorphisms. Note that only those graphs that belong to the
same family and same branch can possibly be isomorphic to one another.

In the following, we illustrate the procedure with an example.

Example 5.4 Enumeration of (6,8) Graphs

We wish to enumerate all possible (6, 8) graphs of planar one-dof kinematic chains.
Forn = 6 and j = 8, we have L = 8 — 6 + 2 = 4. Equations (4.12) and (4.13)
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reduce to

np+n3+ng = 6, 5.17)
2ny +3n3+4n4 = 16. (5.18)

The minimal number of binary links is given by Equation (4.15),
ny>2.

Solving Equations (5.17) and (5.18) for nonnegative integers of n; by using Crossley’s
operator yields three families of link assortments:

Family np, n3 ng4
2400 2 4 0
3210 3 2 1
4020 4 0 2

Next, we find the corresponding contracted graphs and solve Equations (4.19) and
(4.20) for all possible partitions of binary links. Since we are interested in F = 1
kinematic chains, the length of any binary link chain is bounded by Equation (4.22),

qg=<2.

2400 family: For the 2400 family, the corresponding contracted graphs have v¢ =
6 — 2 = 4 vertices and ¢ = 8 — 2 = 6 edges. There are two contracted graphs with
4 vertices and 6 edges as shown in Figure 5.3.

With ny = 2, e, = 6, and ¢ = 2, Equations (4.19) and (4.20) reduce to

by +2by = 2, (5.19)
bo+bi+by = 6. (5.20)

Solving Equation (5.19) for nonnegative integers b and b», and then Equation (5.20)
for by yields two branches of binary link chains:

Branch by by by

1 5 0 1
2 4 2 0

For the first branch, we replace one of the six edges in each contracted graph shown
in Figure 5.3 with a binary link chain of length two. This is equivalent to a problem
of labeling one edge in one color and the remaining edges in another color. There are
six possible ways of labeling each contracted graph. Due to the existence of similar
edges, only two labelings of the graph shown in Figure 5.3a are nonisomorphic.
However, both labelings lead to a graph with parallel edges and, therefore, are not
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feasible. Since all edges in Figure 5.3b are similar, there is only one nonisomorphic
labeling of the graph as shown in Figure 5.4a.

Similarly, for the second branch, we replace two of the six edges with a binary
link chain of length one. This is equivalent to a problem of labeling two edges in
one color and the remaining edges in another color. There are 15 possible ways of
labeling each contracted graph. After eliminating those graphs that are isomorphic
or contain parallel edges, we obtain three labeled nonisomorphic graphs as shown in
Figure 5.4b.

1 5 6 2
(a) First branch

3 3 4 2
1 2 1 6 2 1 3

(b) Second branch

FIGURE 5.4
Four nonisomorphic graphs derived from the 2400 family.

3210 family: For the 3210 family, the corresponding contracted graphs have v¢ =
6 — 3 = 3 vertices and e¢ = 8 — 3 = 5 edges. There is only one contracted graph
with 3 vertices and 5 edges as shown in Figure 5.2.

With ny = 3, e, = 5, and ¢ = 2, Equations (4.19) and (4.20) reduce to

b1 +2b, = 3, (5.21)
bop+by+by = 5. (5.22)

Solving Equation (5.21) for nonnegative integers b and b», and then Equation (5.22)
for by yields two families of binary link chains:
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Branch by b; by

1 3 1 1
2 2 3 0

For the first branch, we replace one of the edges in the contracted graph shown in
Figure 5.2 by a binary link chain of length one and another by a binary link chain of
length two. Note that there are two sets of two parallel edges. To avoid parallel edges
in the conventional graph, one in each set of two parallel edges must be replaced by
a binary link chain. In addition, the two sets of parallel edges are similar. Hence,
we obtain only one labeled nonisomorphic graph as shown in Figure 5.5a. For the
second branch, we replace three edges of the contracted graph each with a binary link
chain of length one. Again, at least one in each set of two parallel edges must be
replaced by a binary link chain. Thus, there are three possible ways of labeling the
edges. Due to similar edges, only two are nonisomorphic as shown in Figure 5.5b.

3
6
4
5
1 2
(a) First branch
3 3

4 6 4 6
1 5 2 1 2

(b) Second branch

FIGURE 5.5
Three nonisomorphic graphs derived from the 3210 family.

4020 family: For the 4020 family, the corresponding contracted graphs have v¢ =
6 — 4 = 2 vertices and e = 8 — 4 = 4 edges. There is only one contracted graph
with 2 vertices and 4 edges as shown in Figure 5.1.
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With ny, =4, e, = 4, and g = 2, Equations (4.19) and (4.20) reduce to

b1 +2b, = 4, (5.23)
bo+b1+by = 4. (5.24)

Solving Equation (5.23) for nonnegative integers b1 and b, and then Equation (5.24)
for by yields three families of binary link chains:

Branch by by by
1 2 0 2
2 1 2 1
3 0 4 O

For the first branch, we replace two of the four parallel edges of the contracted
graph shown in Figure 5.1 each with a binary link chain of length two. This produces
no feasible solutions because the resulting graphs always contain two parallel edges.
For the second branch, we replace two of the four edges of the contracted graph each
with a binary link chain of length one and one with a binary link chain of length two.
For the third branch, we replace all four edges of the contracted graph each with a
binary link chain of length one. As a result, we obtain two nonisomorphic graphs as
shown in Figure 5.6.

1 1
6
3 3 6
5
2 2
(a) Second branch (b) Third branch

FIGURE 5.6
Two nonisomorphic graphs derived from the 4020 family.

5.4 Atlas of Graphs of Kinematic Chains

Using the enumeration procedure described in the preceding section, graphs with
a given number of vertices and edges can be enumerated systematically. Appendix C
provides an atlas of graphs of kinematic chains with up to three independent loops
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and eight vertices. All graphs given in Appendix C are sketched in such a way that
the longest circuit forms the peripheral loop and the vertex of highest degree appears
on the top (or upper-left corner), provided that it does not cause crossing of the edges.
These graphs are arranged in the order of complexity according to the number of
loops, number of vertices, and length of peripheral loop. An atlas of all kinds of
graphs can be found in Read and Wilson [8].

5.5 Summary

We have shown that systematic algorithms using graph theory and combinatorial
analysis can be developed for enumeration of graphs of kinematic chains. Contracted
graphs with up to four loops and six vertices are provided in Appendix B. Based on
the concept of expansion from contracted graphs, an algorithm for enumeration of
conventional graphs is described. Conventional graphs with up to three independent
loops and eight vertices are tabulated in Appendix C. Using these atlases, an enormous
number of mechanisms can be developed by labeling the edges of the graphs according
to the available joint types and the choice of fixed links. This is the subject of the
following chapters.
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Exercises

5.1
5.2
53

54

5.5

Enumerate all the feasible (3, 6) contracted graphs.
Enumerate all the feasible (4, 7) contracted graphs.

Enumerate all the feasible (5, 7) conventional graphs of planar kinematic chains
using Woo’s method.

Enumerate all the feasible (6, 8) conventional graphs of planar kinematic chains
using Woo’s method.

Enumerate all the feasible (7, 9) conventional graphs of planar kinematic chains
using Woo’s method.
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Chapter 6

Classification of Mechanisms

6.1 Introduction

Using graph representation, mechanism structures can be conveniently represented
by graphs. The classification problem can be transformed into an enumeration of
nonisomorphic graphs for a prescribed number of degrees of freedom, number of
loops, number of vertices, and number of edges.

The degrees of freedom of a mechanism are governed by Equation (4.3). The
number of loops, number of links, and number of joints in a mechanism are re-
lated by Euler’s equation, Equation (4.5). The loop mobility criterion is given by
Equation (4.7). Since we are primarily interested in nonfractionated closed-loop
mechanisms, the vertex degree in the corresponding graphs should be at least equal
to two and not more than the total number of loops; that is, Equation (4.10) should
be satisfied. Furthermore, there should be no articulation points or bridges, and the
mechanism should not contain any partially locked kinematic chain as a subchain.

In this chapter, we classify mechanisms in accordance with the type of motion
followed by the number of degrees of freedom, the number of loops, the number of
links, the number of joints, and the vertex degree listing. The general procedure for
enumeration and classification of mechanisms is as follows. Given the number of
degrees of freedom, F, and the number of independent loops, L,

1. Solve Equations (4.3), (4.5), and (4.7) for the number of links and the number
of joints.

2. Solve Equations (4.12) and (4.13) for various link assortments, n,, n3, nq, . . . .

3. Identify feasible graphs and their corresponding contracted graphs from the
atlases of graphs listed in Appendices C and B or any other available resources
such as Read and Wilson [14].

4. Label the edges of each feasible graph with a given set of desired joint types.
This problem may be regarded as a partition of the edges into several parts.
Each part represents one type of joint. Two permutations are said to be equiv-
alent, if their corresponding labeled graphs are isomorphic. Therefore, we

115
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need to find the number of nonequivalent permutation sequences. For sim-
ple kinematic chains, the enumeration of labeled graphs can be accomplished
by inspection. For more complicated kinematic chains, a computer algorithm
employing partitioning and combinatorial schemes may be needed.

5. Identify the fixed, input, and output links as needed.

6. Check for mechanism isomorphisms and evaluate functional feasibility.

In the following, we illustrate the above procedure with several examples in order
of increasing complexity.

6.2 Planar Mechanisms

First, we study planar mechanisms. We shall limit the investigation to the following
types of joint: revolute (R), prismatic (P), gear pair (G), and cam pair (Cp). The
pin-in-slot joint can be replaced by prismatic and revolute joints with an intermediate
link. Both revolute and prismatic joints are one-dof joints, while gear and cam pairs
are two-dof joints. A mechanism is called a linkage if it is made up of only lower
pairs; thatis, R and P joints. It is called a geared mechanism if it contains gear pairs,
a cam mechanism if it contains cam pairs, and a gear-cam mechanism if it contains
both gear and cam pairs.

6.2.1 Planar Linkages

Since revolute and prismatic joints are one-dof joints, the total joint degrees of
freedom in a planar linkage is equal to the number of joints; that is,

j
Do fi=i ©.1)
i=1

Substituting A = 3 and Equation (6.1) into Equations (4.3) and (4.7) yields

F = 3n—-2j-3, (6.2)
j = F+3L. (6.3)

Eliminating j between Equations (4.5) and (6.3) gives
n=F+2L+1. (6.4)

Equations (6.3) and (6.4) imply that given the number of degrees of freedom, each
time we increase the number of loops by one, it is necessary to increase the number
of links by two and the number of joints by three.
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Solving Equations (6.4) for L and then substituting the resulting expression into
Equation (4.10), we obtain
n—F+1
2
In particular, for planar one-dof linkages, Equation (6.5) further reduces to

>d; >2. (6.5)

Tou>2.
2

Since we are interested in mechanisms with positive mobility, only those kinematic
chains that satisfy Equations (6.3) and (6.4) are said to be feasible. Furthermore, those
kinematic chains with partially locked subchains such as the three- and five-link chains
shown in Figure 4.14 should be excluded from consideration.

We note that if a link has only two prismatic joints, they should not be parallel
otherwise the link will possess a passive degree of freedom. Except for the three-link
wedge shown in Figure 6.1, two links, each containing two prismatic joints, cannot

y

FIGURE 6.1
A three-link wedge.

be connected to each other. In general, there are no three-link planar mechanisms
that are composed exclusively of revolute and prismatic joints. The three-link wedge
mechanism shown in Figure 6.1 is an exception. Every link in the three-link wedge
mechanism performs planar translation without rotation. Hence, the motion param-
eter is equal to 2,i.e., A = 2.

Planar One-dof Linkages

For planar one-dof linkages, Franke [4] showed that the number of nonisomorphic
kinematic structures having three independent loops is sixteen. Woo [28] showed
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that there are 230 nonisomorphic kinematic structures with four independent loops.
Table 6.1 summarizes the number of solutions for planar one-dof linkages with up to
four independent loops. In Table 6.1, the classification is made in accordance with the
number of independent loops followed by the number of links and then the various
link assortments.

Table 6.1 Classification of Planar One-dof Linkages.

Class No. of Total
L ns Solutions Number

1 1
2 2
9 16

S
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Four-Bar Linkages. For F = 1 and L = 1, Equations (6.3) and (6.4) give
n = j = 4. An examination of the atlas of graphs listed in Appendix C reveals
that there is only one (4, 4) graph with one independent loop. The corresponding
kinematic chain is given in Table D.1, Appendix D. Hence, the number of joints is
equal to the number of links and all the links are necessarily binary. Labeling the four
edges of the (4, 4) graph with as many combinations of R and P joints as possible
yields the following feasible kinematic chains:

RRRR, RRRP, RRPP, and RPRP .

Note that we have excluded the RP P P chain as a feasible solution, because it has
two adjacent links with only sliding pairs.

By assigning various links as the fixed link, we obtain seven basic four-bar mecha-
nisms as shown in Figure 6.2 [6]. These mechanisms can often be found in the heart
of industrial machinery. Note that we have essentially enumerated the kinematic
chains as combinations of four objects. Then we perform the kinematic inversion by
alternating the fixed link to obtain different mechanisms. Finally, we note that for a
given application, the input and output links should also be identified.

As shown in Figure 6.2, structure number 1 is the well-known planar four-bar
linkage. A four-bar linkage can be designed as a drag-link, crank-and-rocker, double-
rocker, or a change-point mechanism depending on the link length ratios [5, 7, 11,
20, 21]. Each of the number 2 and 3 structures contains one prismatic joint. In
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No. Graph Mechanism Comments
2 R 3
Four-bar linkage
1 R R
1 R 4
2 i 3 (@) (a) Turning-block
linkage
2
R P (b) Swinging-block
linkage
1 R 4
Crank-slider
3 mechanism
Scotch yoke
4
5 Cardanic motion
(a) Inverse Cardanic
6 (b) Oldham Coupling
7 Rapson slide
FIGURE 6.2

Seven basic four-bar linkages.
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sketching a prismatic joint, we can arbitrarily choose one link as the sliding block and
the other as the slotted guide. For this reason, structure number 2 can be sketched
into a turning-block linkage or a swinging-block linkage, depending on the choice of
pair representation. The turning-block linkage is often used to transform a constant
rotational speed of the crankshaft, link 1, into a nonuniform rotational speed or cyclic
oscillation of the follower, link 3. The swinging-block linkage can be designed
as an oscillating-cylinder engine mechanism as shown in Figure 6.3b. Structure
number 3 is the well-known crank-and-slider mechanism, which can be used as an
engine or compressor mechanism as shown in Figure 6.3a. Structure number 4 is
known as the Scotch yoke mechanism, which has been developed as a compressor
in an automotive air conditioning system. Structure number 5 is called the Cardanic
motion mechanism. Any point on link 2 of the Cardanic motion mechanism traces an
elliptical curve. In particular, the midpoint of link 2 generates a circular path centered
about the point defined by the intersection of the two prismatic joint axes.

1: Engine block
SR 3: Piston

2: Crank

N "
4: Piston 4: Oscillating

N\ cylinder
3: Connecting rod O Y

2: Crank

1: Fixed base

(a) Conventional engine mechanism (b) Oscillating-cylinder engine mechanism

FIGURE 6.3
Two engine mechanisms.

The sketching of a mechanism depends on the experience and skill of a designer.
This is best illustrated in structure number 6 (see Figure 6.2). A straightforward
sketch yields the inverse Cardanic motion mechanism. However, it would be difficult
to conceive the Oldham coupling, if we are not aware of the design to begin with. In
this regard, creativity and ingenuity play an important role. The Oldham coupling
is used as a constant velocity coupling to allow for small misalignment between two
parallel shafts. Because of the kinematic inversion, the center point of link 4 revolves
in a circular path at twice the input shaft frequency. Two counterrotating Oldham
couplings can be arranged side by side at the midplane of an in-line four-cylinder
engine to generate a second harmonic balancing force ([22], [23], [27]). Two such
couplings can also be arranged along an axis parallel to the crankshaft of a 90° V-6
engine to generate primary and secondary rotating couples ([25], [26]). Similarly, by
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enlarging the two intermediate revolute joints of a drag-link mechanism, a generalized
Oldham coupling is obtained [8].

Six-Bar Linkages. For F = 1 and L = 2, Equations (6.3) and (6.4) yieldn = 6
and j = 7. Hence, planar one-dof linkages with two independent loops contain six
links and seven joints. An examination of the atlas of graphs listed in Appendix C
reveals that there are three (6, 7) graphs. Excluding the (6, 7)(a) graph, which con-
tains a three-vertex loop as a subgraph, we obtain two unlabeled graphs as shown in
Table D.2, Appendix D. Also shown in the table are the vertex degree listing, the cor-
responding contracted graph, and typical structure representations of the kinematic
chains.

The first kinematic structure, listed in Table D.2, Appendix D, is known as the
Watt chain and the second the Stephenson chain. Each of the seven joints in these
kinematic chains can be assigned as a revolute or prismatic joint. Furthermore, any
of the six links can be chosen as the fixed link. The search for all feasible six-link
mechanisms becomes a more complicated task. However, for certain applications,
we might prefer one type of joint over the other. Then the task can be reduced to a
more manageable size. For example, if we limit ourselves to those mechanisms with
all revolute joints and ground-connected input and output links, then the number of
feasible six-bar linkages reduces to five as shown in Figure 6.4. The logic behind the
choice of fixed, input, and output link for the mechanisms shown in Figure 6.4 is as
follows.

Excluding the external loop, the Watt chain consists of two four-bar loops with
two common links and one common joint. To construct a mechanism with ground-
connected input and output links, one of the two ternary links must be grounded.
Any other choice of the fixed link will lead to one active four-bar loop, whereas the
other four-bar loop functions as an idler loop. Since the idler loop carries no loads,
the resulting mechanism is equivalent to a four-bar linkage. Once the fixed link is
chosen, the input and output links must be located on two different loops. Due to
symmetry, there is one such choice. Hence, there is only one possible arrangement
of the fixed, input, and output links.

The Stephenson chain consists of one four-bar loop and one five-bar loop with
three common links and two common joints. The two binary links in the four-bar
loop cannot be chosen as the fixed link. Otherwise, it will lead to one active four-bar
loop and one passive five-bar loop. Any other links can be chosen as the fixed link.
In addition, when one of the two ternary links is chosen as the fixed link, the input
and output links cannot be simultaneously located on the four-bar loop.

Figure 6.5b shows a six-bar linkage designed as a quick-return shaper mechanism.
The output link 6, which carries a cutting tool, slides back and forth in a fixed guide
designated as link 1. The input link 2 rotates about a fixed pivot A. The turning
block 3, which slides with respect to an oscillating arm 4, is connected to the input
crank by a turning pair at point C. The arm 4 oscillates about a fixed pivot B.
The output link 6 is connected to the oscillating arm by a coupler link 5 with two
revolute joints. As can be clearly seen from the corresponding graph depicted in
Figure 6.5a, the shaper mechanism belongs to the Watt chain with five revolute and two
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Stephenson I Stephenson Ii

Stephenson IlI Stephenson il

FIGURE 6.4
Planar one-dof six-bar linkages with all revolute joints and ground-connected
input and output links.
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prismatic joints. As the input crank rotates, the quick return motion is achieved by the
turning-block linkage, links 1-2-3-4 as shown in the lower half of the mechanism.
Specifically, the ratio of the time period during which the working stroke takes place
to the time period required in returning 6 to its initial position to start the next cycle,
is equal to the ratio of the angles through which the input crank turns during these
respective motions. It can be shown that this ratio depends only on the two link lengths
AC and AB. The six-bar construction helps minimize the reaction force between the
output link and the fixed guide.

Ay Working stroke

— o8- T

'\\\\‘1‘\\\ N Return stroke

(a) Graph (b) Mechanism schematic

FIGURE 6.5
Shaper mechanism.

Figure 6.6b shows a six-bar linkage developed as a variable valve-timing (VVT)
device [1]. This mechanism is made up of two turning-block linkages connected
in series. The first turning block linkage consists of links 1, 2, 3, and 4, whereas
the second contains links 1, 4, 5, and 6. The two turning block linkages share two
common links, 1 and 4. Link 1 is the fixed link. Both the input link 2 and the output
link 6 rotate about a common stationary axis B. The intermediate member 4 rotates
about an axis A whose location can be altered with respect to the stationary axis B.
The other two revolute joints are designated as C and D. The input link 2 takes power
from an engine crankshaft by a 2:1 reduction drive. An overhead cam (not shown
in the figure) is attached to the output shaft 6. This arrangement converts a constant
time scale associated with the crankshaft rotation into a variable time scale associated
with valve lift. The change of valve timing is achieved by rotating pivot A about the
fixed pivot B. Figure 6.6a shows the corresponding graph representation. This is a
Watt chain with five revolute and two prismatic joints.
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Adjustable 5 ’
b

(a) Graph representation (b) Mechanism schematic

FIGURE 6.6
Variable-valve-timing mechanism.

Eight-Bar Linkages. For F = 1 and L = 3, Equations (6.3) and (6.4) reduce to
n = 8 and j = 10. Hence, planar one-dof linkages with three independent loops
contain eight links and ten joints. Eliminating those graphs containing the three- or
five-link structure as a subgraph from the atlas of (8, 10) graphs listed in Appendix C
results in 16 nonisomorphic unlabeled graphs as shown in Tables D.3 through D.6,
Appendix D. Each of the ten joints can be assigned as a revolute or prismatic joint and
any of the ten links can chosen as the fixed link. We see that the number of possible
combinations grows exponentially as the number of links increases.

Planar Two-dof Linkages

For planar two-dof linkages, Crossley [3] showed that there are 32 nonisomorphic
kinematic structures with 3 independent loops. Recently, Sohn and Freudenstein [17]
proved that the correct number is 35. Furthermore, they found that there are 726 non-
isomorphic structures with 4 independent loops. Table 6.2 summarizes the number of
solutions in terms of the number of independent loops, the number of links, and the
various link assortments for planar two-dof linkages with up to 4 independent loops.

Five-Bar Linkages. For F = 2 and L = 1, Equations (6.3) and (6.4) yield
n = j = 5. There is only one (5, 5) graph with one independent loop. The corre-
sponding kinematic structure is given in Table D.7, Appendix D. Labeling the five
edges of the graph with as many combinations of R and P joints as possible, yields
four nonisomorphic kinematic chains:

RRRRR, RRRRP, RRRPP, and RRPRP .

Here we have limited ourselves to those kinematic chains with no more than two
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Table 6.2 Classification of Planar Two-dof Linkages.
Class No. of Total

L n j np n3 ng ns Solutions Number
1 5 5 0 0 0 1 1
2 7 5 2 0 0 3 3
3 9 11 5 4 0 0 19 35

6 2 1 0 13

7 0 2 0 3
4 11 14 5 6 0 0 726

6 4 1 0

7 3 0 1

7 2 2 0

8 1 1 1

8 0 3 0

9 0 0 2

prismatic joints. A mechanism that is made up of too many prismatic joints may
experience excessive friction.

Many mechanisms can be developed by assigning a different link as the fixed link.
However, if we prefer both input links to be ground connected, the output link must
necessarily be a floating link. Figure 6.7a shows a planar two-dof 5-R linkage in
which links 2 and 3 are assigned as the input links and link 4 as the output link.
The position of the end-point P on link 4 can be manipulated anywhere within a
2-dimensional workspace of the manipulator. A parallelogram linkage results when
the link lengths are sized according to the conditions: QA = BC, AB = CD, and
0D = 0 (i.e., pivots Q and D coincide). Furthermore, if link 1 is allowed to rotate
about a fixed axis as shown in Figure 6.7b, the mechanism becomes a fractionated
three-dof spatial manipulator.

Seven-Bar Linkages. For ' = 2 and L = 2, Equations (6.3) and (6.4) reduce
ton = 7 and j = 8. Eliminating those graphs containing a three-link structure
as a subgraph from the atlas of (7, 8) graphs listed in Appendix C, results in three
nonisomorphic unlabeled graphs as shown in Table D.8, Appendix D.

Theoretically, any of the seven links can be assigned as the fixed link. We note
that, excluding the external loop, the first kinematic chain consists of a four- and a
five-bar loop; the second consists of two five-bar loops; and the third is made up of a
four- and a six-bar loop. Since a four-bar loop possesses only one degree of freedom,
none of the binary links in the loop can be chosen as the fixed link. Otherwise, it
would be impossible to arrange two ground-connected input links. Furthermore if
the output link is also to be connected to the ground, the fixed link must be a ternary
link. When one of the ternary links in the first or third kinematic chain is fixed,
due to the presence of a four-bar loop, a ground-connected output link is impossible.
In this regard, the second kinematic chain becomes the only feasible candidate to
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End-effector

(a) Two-dof manipulator (b) Fractionated three-dof manipulator

FIGURE 6.7
Two- and three-dof manipulators.

have ground-connected input and output links. Alternatively, the output link can be a
floating link. For example, Figure 6.8 shows a planar two-dof manipulator constructed
from the second kinematic chains given in Table D.8, Appendix D. Obviously, each
joint shown in Table D.8 can be a revolute or a prismatic joint.

Nine-Bar Linkages. For F = 2 and L = 3, Equations (6.3) and (6.4) reduce
ton = 9 and j = 11. Eliminating those graphs containing the three- or five-link
structure as a subgraph from the atlas of (9, 11) graphs listed in Appendix C leads to
35 nonisomorphic graphs as shown in Tables D.9 through D.14, Appendix D.

Planar Three-dof Linkages

For planar three-dof linkages, Sohn and Freudenstein [17] showed that there are 5
nonisomorphic kinematic structures with 2 independent loops and 74 with 3 indepen-
dent loops. Table 6.3 summarizes the number of solutions in terms of the number of
independent loops, the number of links, and the various link assortments for planar
three-dof linkages having up to four independent loops.

Planar three-dof linkages are not as well understood as their planar one- and two-
dof counterparts. For a single-loop mechanism, one of the actuators must be installed
on the moving links. In this regard, the mass of the floating actuator becomes the load
of the others. To reduce the inertia and to increase the stiffness, parallel kinematics
machines have been investigated recently. A parallel kinematics machine allows all
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FIGURE 6.8
Planar two-dof parallel manipulator.

actuators to be mounted on the ground. Hence, low inertia, high stiffness, and high
speed capabilities can be achieved.

Six-Bar Linkages. For F = 3 and L = 1, Equations (6.3) and (6.4) yield n =
Jj = 6. There is only one (6, 6) graph with one independent loop. The corresponding
kinematic structure is shown in Table D.15, Appendix D. One major disadvantage of
using this kinematic chain as a three-dof device is that one of the input links cannot
be ground connected. Hence, the mass of a floating actuator becomes the load of the
grounded actuators.

Eight-Bar Linkages. For F = 3 and L = 2, Equations (6.3) and (6.4) reduce
ton = 8 and j = 9. Eliminating those graphs containing the three-link structure
as a subgraph from the atlas of (8, 9) graphs listed in Appendix C, we obtain five
nonisomorphic graphs shown in Table D.15, Appendix D, where the joint type is not
assigned.

We note that if the input links are to be ground connected, one of the ternary links
must be selected as the fixed link. A careful examination of the kinematic structures
reveals that the first and fourth kinematic chains should be excluded from further
consideration due to the existence of a four-bar loop. The second kinematic chain
should also be excluded because none of its links possesses full three degrees-of-
freedom motion. Hence, the third and fifth kinematic chains are the only two feasible
solutions. For the fifth kinematic chain to function as a three-dof device, the floating
ternary link serves as the output link. For the third kinematic chain, the binary link
that lies on the six-bar loop and is immediately adjacent to the floating ternary link,
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Table 6.3 Classification of Planar Three-dof Linkages.

Class No. of Total
L n j np n3 ng4 ns Solutions Number
1 6 6 6 0 0 O 1 1
2 9 6 2 0 0 5 5
3 10 12 6 4 0 0 43 74

7 2 1 0 25

8 0 2 0 6
4 12 15 6 6 0 O 1898

7 4 1 0

8 3 0 1

8 2 2 0

9 1 1 1

9 0 3 0

0 0 0 2

serves as the output link. Figure 6.9 shows a planar three-dof parallel manipulator
constructed from the fifth graph with all revolute joints.

Cs

61 End-effector

/
/

B2

Ap

03

A1 (Base)

FIGURE 6.9
Planar three-dof parallel manipulator.

Ten-Bar Linkages. For F = 3 and L = 3, Equations (6.3) and (6.4) give n = 10
and j = 12. Sohn and Freudenstein [17] showed that there are 74 such kinematic
chains — too many to list here. See Sohn [16] for the results.
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6.2.2 Planar Geared Mechanisms

Planar geared mechanisms are connected by revolute, R, prismatic, P, and gear,
G, pairs. Let j; denote the number of i-dof joints. By definition,

J=n+Jj. (6.6)

Since the revolute and prismatic joints are one-dof joints and the gear pair is a two-dof
joint, the sum of the degrees of freedom in all joints can be written as

J
Y fi=i+2j. (6.7)
i=1

Eliminating j; between Equations (6.6) and (6.7), and substituting the resulting equa-
tion and A = 3 into Equation (4.7) yields

j+j=F+3L. (6.8)

Hence, the number of joints and the number of links in a geared mechanism depend
not only on the degrees of freedom and the number of loops, but also on the number
of gear pairs. It has been shown that the number of gear pairs in a geared mechanism
cannot exceed the number of independent loops [13]; that is,

2=L. (6.9)

Applying Equations (4.5), (6.8), and (6.9), geared mechanisms can be enumer-
ated and classified according to the number of degrees of freedom, the number of
independent loops, and the number of links. Table 6.4 shows the possible joint com-
binations in terms of the number of independent loops and the number of links for
planar one-dof geared mechanisms having up to four independent loops.

We note that some of the mechanisms formed by the joint combinations listed in
Table 6.4 will lead to unlimited rotation of all links. We call these types of mecha-
nisms gear trains. Gear trains can be classified further into ordinary gear trains and
planetary gear trains. The structural characteristics and the enumeration of epicyclic
gear trains will be studied in more detail in the following chapter.

One Independent Loop

The only single-loop graph suitable for a geared mechanism is the (3, 3) graph
given in Appendix C. One of the three edges in the graph must be labeled as a gear
pair, whereas the other two can be a combination of revolute and prismatic joints; that
is, RR, RP, or PP joint pairs. Making all combinations of the one-dof joint pairs
with a gear pair yields three feasible kinematic chains:

RRG, RPG, and PPG .

The P P G chainisjudged to be impractical and is excluded from further consideration.
By performing kinematic inversion, we obtain five nonisomorphic mechanisms as
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Table 6.4 Classification of One-dof Geared

Mechanisms.
No. of No. of No. of No. of
Class Links Joints Gear Pairs Revolute Joints
L n J J2 J1
1 3 3 1 2
2 4 5 2 3
5 6 1 5
3 5 7 3 4
6 8 2 6
7 9 1 8
4 6 9 4 5
7 10 3 7
8 11 2 9
9 12 1 11

shown in Figure 6.10. We note that grounding the carrier of the R RG chain results in
a simple gear set. On the other hand, the kinematic chain becomes a simple planetary
gear set when one of the gears is grounded. Similarly, the R PG chain produces a
simple rack-and-pinion motion, an involute motion, or an inverse rack-and-pinion
motion depending on which link is grounded. Obviously, it is also possible to replace
the gear pair shown in Figure 6.10 by a noncircular gear pair.

Two Independent Loops

An inspection of Table 6.4 reveals that both (4, 5) and (5, 6) graphs are suitable for
construction of one-dof geared mechanisms having two independent loops.

(4, 5) Geared Mechanisms. For the (4, 5) graph, there must be two gear pairs and
three one-dof joints. For the purpose of illustration, let us assume that only revolute
and gear pairs are used. Then, the problem becomes a determination of labeling
the edges with two G pairs and three R joints. This is equivalent to a 2-coloring
problem in graph theory. To prevent the creation of a partially locked kinematic
chain, at least one of the three edges in each triangular loop must be labeled as a
G-edge. For this simple case, however, the problem can be solved by inspection.
Figure 6.11 shows three nonisomorphic labeled graphs and the corresponding gear
trains sketched by using external gear pairs. Many different geared mechanisms can
be derived by performing the kinematic inversion. For example, if link 1 of the first
geared mechanism shown in Figure 6.11 is chosen as the fixed link, the resulting
mechanism is an ordinary gear train. However, if link 4 is chosen as the fixed link,
the mechanism becomes a planetary gear train.

Note that if we allow the gear pairs to assume various combinations of internal
and external meshes, the number of possible geared mechanisms will be more than
tripled.
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No. Structure Mechanism Comments
1
2 3
R R Simple gear
! (O 1 }?( Oj set
7.
3 G 2
1
2 3
Simple
|
2 R R (O 1 )?é{ O) planetary
gear set
G
3 Rack and
pinion
Involute
4 motion
Inverse rack
S and pinion
FIGURE 6.10

Geared three-link mechanisms.
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No. Labeled graphs Gear trains

A

) ] L1
¢ L

Ts

FIGURE 6.11
Four-link gear trains.
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(5, 6) Geared Mechanisms. Next, we consider the (5, 6)-a graph listed in Ap-
pendix C. As can be seen from Table 6.4, there must be one gear pair, whereas the
remaining joints can be revolute or prismatic. To prevent the formation of a partially
locked structure, one of the joints in the three-link loop must be a gear pair. Assuming
that only a revolute pair is employed for the one-dof joints, there exist two noniso-
morphic labeled graphs as shown in Figure 6.12. The first kinematic chain shown
in Figure 6.12 consists of a simple gear pair and a four-bar linkage. The second
kinematic chain shown in Figure 6.12 is the well-known geared five-bar mechanism.

No. Graph Geared Kinematic Chains
1
4
7 N @
1 3
1 2 R 5
R R & 2 O
3
R 4 5

R R
2 2 5
R R
3 4
R

FIGURE 6.12
Geared five-bar chains.

6.2.3 Planar Cam Mechanisms

The enumeration of cam mechanisms is similar to that of geared mechanisms.
Since the degrees of freedom associated with a cam pair is identical to that of a gear
pair, we can practically replace any gear pair in a geared mechanism by a cam pair
without affecting its mobility. For three-link cam mechanisms, we also include the
P PC), labeling. Hence, we have

RRC,, RPC,, and PPC,, .

Figure 6.13 shows seven nonisomorphic three-link cam mechanisms obtained by as-
signing different fixed links. In practice, a spring is incorporated in a cam
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No. Graph

Mechanism Comments

Cam-Lever

Differential
Cam

Cam-and-
Follower

Differential
Cam-and-
Follower

Differential
Cam-and-
Follower

Double
Slot-and-Cam
Mechanism

Inverted Double
Slot-and-Cam
Mechanism

FIGURE 6.13

Three-link cam mechanisms.
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mechanism to keep the cam pair in contact. Finally, we note that more complicated
cam mechanisms can be enumerated.

6.3 Spherical Mechanisms

The only available joint type for construction of spherical linkages is the revolute
joint. Furthermore, all joint axes must intersect at a common point called the spherical
center. Since the motion parameter, A, of spherical mechanisms is identical to that
of planar mechanisms, the classification of spherical linkages can be accomplished
along the same line as planar bar-linkages. In the following, we simply point out a
few known spherical linkages.

The universal joint shown in Figure 1.11 is a spherical four-bar linkage. The four
revolute joint axes intersect at a common point, O. The universal joint is used for
connecting two intersecting nonparallel shafts.

Another type of spherical linkage is the three-dof orientation mechanism shown
in Figure 6.14 [9, 10]. The mechanism consists of a moving platform, link 7, that
is connected to a fixed base, link 0, by three kinematically identical limbs. All the
revolute joint axes intersect at a common point, O. The orientation of the moving
platform is controlled by actuating the three input links 1, 2, and 3.

Moving platform

Fixed base

FIGURE 6.14
Spherical parallel manipulator.
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Most robotic wrists are geared spherical mechanisms [2, 15, 18, 19, 24]. For the
mechanism shown in Figure 6.15, link 1 is the base link; links 2, 5, and 6 are three
coaxial input links; and link 4 is the output link, which is called the end-effector. The
end-effector is free to rotate about three intersecting joint axes, a, b, and c. Rotations
of the three input links are transmitted to the end-effector by three bevel-gear pairs,
(5, 3), (6, 7), and (7, 4). Together, it forms a three-dof spherical wrist mechanism.
The enumeration of spherical wrist mechanisms will be discussed in more details in
a chapter to follow.

End-effector

FIGURE 6.15
Geared spherical wrist mechanism.

6.4 Spatial Mechanisms

For spatial mechanisms, we limit ourselves to the following kinematic pairs: revo-
lute (R), prismatic (P), helical (H), cylindric (C), spherical (5), and plane (E) pairs.
These kinematic pairs can be grouped according to their joint degrees of freedom as
shown in Table 6.5.

Table 6.5 Classification of Kinematic Pairs.
Joint Degrees of Freedom  Available Joint Types

1 R,PH
2 C
3 S,E

Other more complicated kinematic pairs are excluded from the following discus-
sions. If such joints are considered, they can be replaced by a combination of two
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lower-pair joints with an intermediate link to achieve compactness and good surface
contact. For example, Figure 6.16a shows a washing machine agitator mechanism
that is made up of three links connected by a revolute, R, sphere-in-cylinder, S,
and cylindric, C, joint. As the input link 2 rotates, the output link 3 will oscillate
and reciprocate simultaneously to generate a washing action. The sphere-in-cylinder
joint can be replaced by a revolute and a spherical joint with an intermediate link 4
as shown in Figure 6.16b.

Output
3

R
€4 e
|_— H
Input 1 \|— Input
(a) Mechanism with a sphere-in-cylinder joint (b) Mechanism with only lower pairs
FIGURE 6.16

Washing machine agitator mechanisms.
Under the above assumption, the total number of joints can be written as
J=n+np+i. (6.10)

The total number of degrees of freedom in all joints is given by

J
Y fi=ji+2j2+3)s. (6.11)
i=1

Substituting A = 6 and Equation (6.11) into Equation (4.7) yields
J1+2jp+3j3=F+6L. (6.12)

Equation (6.12) is useful for determination of the number of joints for each type of
kinematic pair. Given the number of degrees of freedom, the number of loops, and
the number of links, we solve Equations (4.5) for the number of joints, and then
Equations (6.10) and (6.12) for all possible combinations of joint types.
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6.4.1 Spatial One-dof Mechanisms

For spatial one-dof mechanisms, we first solve Equation (4.5) for the number of
joints in terms of the number of independent loops and the number of links. Then,
we solve Equations (6.10) and (6.12) for all possible combinations of the joint types.
We do this by applying the nested-do loops algorithm described in Appendix A. The
results are summarized in Table 6.6. Note that we have restricted the number of
three-dof joints to one in single-loop chains and two in double-loop chains to avoid
the possibility of forming passive degrees of freedom.

Table 6.6 Classification of Spatial One-dof Mechanisms.

No. of No. of No. of No. of No. of
Class Type Links Joints 1-dof Joints 2-dof Joints 3-dof Joints
L n J J1 J2 J3
1 021 3 3 0 2 1
211 4 4 2 1 1
130 4 4 1 3 0
401 5 5 4 0 1
320 5 5 3 2 0
510 6 6 5 1 0
700 7 7 7 0 0
2 132 5 6 1 3 2
051 5 6 0 5 1
322 6 7 3 2 2
241 6 7 2 4 1
160 6 7 1 6 0
512 7 8 5 1 2
431 7 8 4 3 1
350 7 8 3 5 0

Each rype listed in Table 6.6 is denoted by a three-digit number representing the
number of one-, two-, and three-dof joints, respectively [12]. For example, the
type 211 chain contains 2 one-dof, 1 two-dof, and 1 three-dof joints.

Since each joint of a given type can assume several different kinematic pairs, we
can further divide each type by the kind of joints incorporated in the kinematic chain.
Such a listing is called a kind. For example, the type 211 chain can be further clas-
sified into the following kinds: RRCS, RPCS, RHCS, PPCS, PHCS, HHCS,
RRCE,RPCE,RHCE, PPCE, PHCE, and HHCE. The above symbolic no-
tations can also be written as 2RCS, RPCS, RHCS, 2PCS, etc. In what follows,
we limit the number of prismatic joints to no more than two since mechanisms having
more than two prismatic joints are not very practical.

The joints in each kind are used to label the edges of a graph. Two labelings are said
to be equivalent if their corresponding labeled graphs are isomorphic. Therefore, we
need to enumerate nonisomorphic labeled graphs of a given kind. For simple kine-
matic chains, the enumeration can be accomplished by inspection. For complicated
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kinematic chains, a computer algorithm employing partitioning and combinatorial
schemes is necessary.

Various mechanisms are obtained by selecting a different member of a kinematic
chain as the fixed link. This procedure is fairly straightforward. However, some of
the inverted mechanisms may be kinematically isomorphic to each other, whereas
others may be impractical for applications.

Single-Loop Mechanisms

For single-loop mechanisms, the number of joints is equal to the number of links
and all the links are necessarily binary. Furthermore, the joint degrees of freedom
should sum up to seven,

j
Y fi=1. (6.13)
i=lI

Three-Link Chains. There exists only one type of three-link chain, type 021,
which can be classified into two kinds: CCS and CCE. Note that in constructing a
link with two cylindric joints, the two joint axes should not be parallel to each other,
otherwise a passive degree of freedom will be introduced. Similarly, in constructing
a pair of C—E joints, the axis of the cylindric joint should not be parallel to the plane
of the E pair. Lastly, we note that a mechanism having an input link connected to the
ground by a cylindric or spherical joint is not practical, since it is difficult to control
the motion of such a joint. Therefore, spatial three-link chains are not very practical.

Four-Link Chains. There are two types of four-link chains: types 211 and 130.
Type 211 can be classified into 12 kinds: RRCS, RPCS, RHCS, PPCS, PHCS,
HHCS,RRCE,RPCE,RHCE,PPCE, PHCE,and H HC E; whereas type 130
can be classified into three kinds: RCCC, PCCC, and HCCC. Making all possible
permutations of the joints yields 33 nonisomorphic labeled graphs of four-link chains
as shown in Table E.1, Appendix E.

Five-Link Chains. There are two types of five-link chains: types 401 and 320.
To further simplify the problem, let the helical joint be excluded from considera-
tion. Then, type 401 can be classified into six kinds: RRRRS, RRRPS, RRPPS,
RRRRE, RRRPE, and RRP PE; whereas type 320 can be classified into three
kinds: RRRCC, RRPCC, and RPPCC. Table E.2 in Appendix E shows 24 non-
isomorphic labeled graphs of five-link chains.

Six-Link Chains. There exists only one type of six-link chain: type 510. Ex-
cluding the helical joint, this type of kinematic chain can be classified into three
kinds: RRRRRC, RRRRPC,and RRRPPC. Table E.3 in Appendix E shows ten
nonisomorphic labeled graphs of six-link chains.

Seven-Link Chains. There exists only one type of seven-link chain: type 700.
Excluding the helical joint, this type of kinematic chain can be classified into three
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kinds: RRRRRRR, RRRRRRP,and RRRRRP P. Table E.4in Appendix E shows
five nonisomorphic labeled graphs of seven-link chains.

By assigning different links as the fixed link, numerous mechanisms can be con-
structed from the kinematic chains given above. Some of the mechanisms constructed
may be mechanically complex and, therefore, have limited applications. The four-
and five-link mechanisms are of practical interest because they are relatively simple.
We conclude this section by pointing out a few sample mechanisms. Figure 6.17
shows a spatial RC C C mechanism, which converts a continuous rotation of link 2 to
areciprocating and oscillating motion of link 4. Figure 3.16 shows a spatial RRS P P
Z-crank mechanism, which can be used as an engine or compressor mechanism.
Figure 4.15 shows a spatial RSSR mechanism with a passive degree-of-freedom.
Figure 4.16 shows a spatial RRSRR constant-velocity shaft coupling. Similarly,
one-dof, two-loop spatial mechanisms can be enumerated and classified according to
the type and kind of joint arrangements.

3 —

\o

C
\S

-
Y

S

FIGURE 6.17
RCCC spatial four-bar linkage.

6.4.2 Spatial Multi-dof, Multiple-Loop Mechanisms

Spatial multi-dof, multiloop mechanisms can be found in relatively few applica-
tions. One commonly known example is the automobile suspension mechanism. Re-
cently, however, there has been an increasing interest in the study of multi-dof spatial
mechanisms, particularly the robotics and machine tools industry. An
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entirely new class of mechanisms known as parallel kinematics machines or par-
allel manipulators will be studied in Chapter 9.

6.5 Summary

In this chapter, we classified mechanisms according to their nature of motion into
planar, spherical, and spatial mechanisms. Then we further classified these mecha-
nisms by their degrees of freedom, number of loops, number of links, and types of
joints. An atlas of planar linkages with one, two, and three degrees of freedom is de-
veloped in Appendix D. In addition, geared mechanisms, cam mechanisms, spherical
mechanisms, and spatial one-dof mechanisms are also classified.
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Exercises

6.1

6.2

6.3

6.4

6.5

6.6

6.7

For planar mechanisms made up of only sliding pairs, the motion parameter is
A = 2. Enumerate this type of one-dof mechanism having four links. Identify
the fixed link.

Enumerate all feasible planar, one-dof, six-bar linkages with ground-connected
rotatory input and sliding output. Assume that all other joints are revolute.

Enumerate all feasible planar, two-dof, seven-bar linkages with two ground-
connected rotatory inputs and one floating output. Assume that all other joints
are revolute.

Enumerate the graphs of planar three-dof, ten-bar linkages having a vertex
degree listing of ny = 8,n3 = 0,n4 = 2, and ns = 0.

Enumerate the graphs of planar three-dof, ten-bar linkages having a vertex
degree listing of np = 6,n3 =4,n4 =0, and n5 = 0.

Enumerate all feasible planar, three-dof, eight-bar linkages with three ground-
connected input sliders and one floating output, assuming that all other joints
are revolute. Draw the functional schematics illustrating how the input sliders
can be arranged geometrically.

Using only revolute joints and gear pairs, enumerate two-dof planar geared
mechanisms with four and five links.



144 CLASSIFICATION OF MECHANISMS

6.8 Why are the bevel-gear and revolute joints suitable for spherical motion? Enu-
merate all the feasible spherical mechanisms with four and five links.



Chapter 7

Epicyclic Gear Trains

7.1 Introduction

Gear trains are used to transmit motion and/or power from one rotating shaft to
another. Anenormous number of gear trains are used in machinery such as automobile
transmissions, machine tool gear boxes, robot manipulators, and so on. Perhaps, the
earliest known application of gear trains is the South Pointing Chariot invented by
the Chinese around 2600 B.C. The chariot employed an ingenious differential gear
train such that a figure mounted on top of the chariot always pointed to the south
as the chariot was towed from one place to another. It is believed that the ancient
Chinese used this device to help them navigate in the Gobi desert. Other early
applications include clocks, cord winding and rope laying machines, steam engines,
etc. A historical review of gear trains, from 3000 B.C. to the 1960s, can be found in
Dudley [3].

A gear train is called an ordinary gear train if all the rotating shafts are mounted
on a common stationary frame, and a planetary gear train (PGT) or epicyclic gear
train (EGT) if some gears not only rotate about their own joint axes, but also revolve
around some other gears. A gear that rotates about a central stationary axis is called
the sun or ring gear depending on whether it is an external or internal gear, and those
gears whose joint axes revolve about the central axis are called the planet gears. Each
meshing gear pair has a supporting link, called the carrier or arm, which keeps the
center distance between the two meshing gears constant.

Figure 7.1 shows a compound planetary gear train commonly known as the Simpson
gear set. The Simpson gear set consists of two basic PGTs, each having a sun gear, a
ring gear, a carrier, and four planets. The two sun gears are connected to each other
by a common shaft, whereas the carrier of one basic PGT is connected to the ring
gear of the other PGT by a spline shaft. Overall, it forms a one-dof mechanism. This
gear set is used in most three-speed automotive automatic transmissions.

In this chapter, we describe a systematic methodology for enumeration of epicyclic
gear trains with no specific applications in mind. Since the main emphasis is on
enumeration, readers should consult other books for more detailed descriptions of the
gear geometry, gear types, and other design considerations.
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FIGURE 7.1
Compound planetary gear train.

7.2 Structural Characteristics

Epicyclic gear trains belong to a special class of geared kinematic chains. In
addition to satisfying the general structural characteristics outlined in Chapters 4 and
6, the following constraints are imposed [2]:

1. All links of an epicyclic gear train are capable of unlimited rotation.

2. Foreach gear pair, there exists a carrier, which keeps the center distance between
the two meshing gears constant.

Based on the above two constraints, the geared five-bar mechanism discussed in
Chapter 6 is not an epicyclic gear train. In what follows, we study the effects of these
two constraints on the structural characteristics of epicyclic gear trains.

For all links to possess unlimited rotation, the prismatic joint is excluded from
design consideration. Hence only revolute joints and gear pairs are allowed for
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structure synthesis of EGTs. For convenience, we use a thin edge to represent a
revolute joint (or turning pair) and a thick edge to stand for a gear pair. For this
reason, thin edges are sometimes called turning-pair edges and thick edges are called
geared edges.

Let j, denote the number of gear pairs and j, represent the number of revolute
joints. It is clear that the total number of joints is given by

J=Jr+Jg- (7.1
Substituting Equations (6.7) and (7.1) into Equation (4.3), we obtain
F=3n—-1)—2j—jg . (7.2)

The first constraint implies that there should not be any circuit formed exclusively
by turning pairs. Otherwise, either the circuit will be locked or rotation of the links
will be limited. The second constraint implies that all vertices should have at least
one incident edge that represents a turning pair. Hence, we have

THEOREM 7.1
The subgraph obtained by removing all geared edges from the graph of an EGT is a
tree.

Since a tree of v vertices contains v — 1 edges, we further conclude that
ji=n—1. (7.3)
Substituting Equations (7.1) and (7.3) into Equation (4.5), we obtain
Je=1L. (7.4)
Substituting Equations (7.3) and (7.4) into Equation (7.2) yields
L=n—-1-F=j—F. (7.5)
Eliminating j; and j, from Equations (7.1), (7.4), and (7.5) yields
j=F+2L, (7.6)

Summarizing Equations (7.3), (7.4), and (7.5) in words, we have

THEOREM 7.2

In epicyclic gear trains, the number of gear pairs is equal to the number of independent
loops; the number of turning pairs is equal to the number of links diminished by one;
and the number of degrees of freedom is equal to the difference between the number
of turning pairs and the number of gear pairs.
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In Chapter 4, we have shown that the degree of a vertex is bounded by Equa-
tion (4.10). In terms of kinematic chains,

L+1>d; >2. (7.7)

In words, we have:

THEOREM 7.3
The degree of any vertex in the graph of an EGT lies between 2 and L + 1.

In general, the graph of an EGT should not contain any circuit that is made up
of only geared edges. Otherwise, the gear train may rely on special link length
proportions to achieve mobility. In the case where geared edges form a loop, the
number of edges must be even. For example, Figure 7.2 shows a two-dof differential
gear train in which gears 3, 4, 5, and 6 form a loop. The four gears are sized such that
the pitch diameter of gear 3 is equal to that of gear 5, and the pitch diameter of gear 4
is equal to that of gear 6. Otherwise, the mechanism will not function properly. In
fact, we may consider either gear 4 or 6 as a redundant link. That is, removing either
gear 4 or 6 from the mechanism does not affect the mobility of the mechanism. This
is a typical fractionated mechanism in that links 2, 3, 4, 5, and 6 form a one-dof gear
train and the second degree of freedom comes from the fact that the gear train itself
can rotate as a rigid body about the “a—a” axis.

FIGURE 7.2
A differential gear train.
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Recall that the subgraph obtained by removing all geared edges from the graph of
an EGT is a tree. Any geared edge added onto the tree forms a unique circuit called
the fundamental circuit. In other words, each fundamental circuit is made up of one
geared edge and several turning-pair edges. These turning pairs are responsible for
maintaining a constant center distance between the two gears paired by the geared
edge. Therefore, the axes of all turning pairs in a fundamental circuit can be associated
with two distinct lines in space, one passing through the axis of one gear and the other
passing through the axis of the second gear.

Let each turning-pair edge be labeled by a letter called the level. In this manner,
each label or level denotes an axis of a turning pair in space. We define the turning-
pair edges that are adjacent to the geared edge of a fundamental circuit as the terminal
edges. Then, the requirement for constant center distance between two meshing gears
can be stated as:

THEOREM 7.4

In an EGT, there are two and only two edge levels between the terminal edges of a
fundamental circuit. In other words, there exists one and only one vertex, called the
transfer vertex, in each fundamental circuit such that all the turning-pair edges lying
on one side of the transfer vertex share one edge level and all the other turning-pair
edges lying on the opposite side of the transfer vertex share a different level.

The transfer vertex of a fundamental circuit corresponds to the carrier or arm of
a gear pair. We note that a vertex in the graph of an EGT may serve as the transfer
vertex for more than one fundamental circuit. From a mechanical point of view, any
vertex having only two incident turning-pair edges must serve as the transfer vertex
of a fundamental circuit.

A graph having several turning-pair edges of the same level implies that there are
several coaxial links in the corresponding kinematic chain. Hence,

COROLLARY 7.1

All edges of the same level in the graph of an EGT together with their end vertices
form a tree.

For example, Figure 7.3a depicts the schematic diagram of the Simpson gear set
shown in Figure 7.1. The corresponding graph with its turning pair edges labeled
according to their axis locations is shown in Figure 7.3b. Readers can easily verify
that Equations (7.3) through (7.5) are satisfied. Removing all the geared edges from
the graph leads to a spanning tree as shown Figure 7.3c. Putting the geared edges back
on the tree one at a time results in four fundamental circuits as shown in Figures 7.3d
through g. From the above corollary, we see that the transfer vertices of these four
fundamental circuits are 1, 1, 2, and 2, respectively.
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FIGURE 7.3
Graph, spanning tree, and fundamental circuits of an EGT.
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We summarize the structural characteristics for the graphs of EGTs as follows:

CL

C2.

C3.

C4.

Cs.

Ceo.

C7.
C8.

7.3

The graph of an F-dof, n-link EGT contains (n — 1) turning-pair edges and
n — 1 — F geared edges.

The subgraph obtained by removing all geared edges from the graph of an EGT
is a tree.

Any geared edge added onto the tree forms one unique circuit, called the fun-
damental circuit having one geared edge and several turning-pair edges. Con-
sequently, the number of fundamental circuits is equal to the number of geared
edges.

Each turning-pair edge can be characterized by a level that identifies the axis
location in space.

There exists a vertex, called the fransfer vertex, in each fundamental circuit
such that all turning-pair edges lying on one side of the transfer vertex have the
same edge level and all turning-pair edges on the opposite side of the transfer
vertex share a different edge level.

Any vertex that has only thin edges incident to it must serve as a transfer vertex
of at least one fundamental circuit. In other words, no vertex can have all its
incident edges on the same level.

Turning-pair edges of the same level and their end vertices form a tree.

The graph of an EGT should not contain any circuit that is made up of only
geared edges.

Buchsbaum-Freudenstein Method

The structural characteristics discussed in the previous section are applicable for
both spur and bevel gear trains. Any graph that satisfies the criteria represents a
feasible solution. Several heuristic methods of enumeration have been developed by
researchers. Perhaps, the first methodology was due to Buchsbaum and Freuden-
stein [2]. The method involves the following steps:

S1.

Determination of nonisomorphic unlabeled graphs (no distinction between
turning and gear pairs).

Given the number of degrees of freedom and the number of links, we search for
those unlabeled graphs that satisfy the first structural characteristic, C1, from the
atlas of graphs listed in Appendix C. These graphs are classified in accordance
with the number of degrees of freedom, number of independent loops, and
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FIGURE 7.4

Unlabeled graphs of one-dof EGTs.

S2.

vertex-degree listing. Figures 7.4 and 7.5 provide all the feasible unlabeled
graphs for one- and two-dof gear trains having one to three independent loops.

Determination of nonisomorphic bicolored graphs.

For each graph obtained in S1, we need to find structurally distinct ways of
coloring the edges, one color for the gear pairs and the other for the turning
pairs. Specifically, j, edges of the unlabeled graph are to be assigned as the
gear pairs and the remaining edges as the turning pairs. The solution to this
problem can be regarded as the number of combinations of j elements taken
Jg at a time without repetition. From combinatorial analysis, it can be shown
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FIGURE 7.5
Unlabeled graphs of two-dof EGTs.

that there are
j J!

¢ =— (7.8)
S V)

possible ways of coloring the edges. A computer program employing a nested-
do loops algorithm can be written to find all possible combinations. For exam-
ple, we may treat the edges as x1, x2, .. ., x; variables and solve Equation (7.9)
for all possible solutions of x1, x2, . .., x; in ones and zeros, where the “1” rep-
resents a gear pair and the “0” a turning pair.

X1+X2+"'+xj:jg- (79)

We note that some of the graphs obtained by this process may be isomorphic,
others may violate the second structural characteristic, C2, and still others
may result in partially locked kinematic chains. Hence, the total number of
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structurally distinct bicolored graphs would be fewer than the number predicted
by Equation (7.8).

For example, the 2210 graph shown in Figure 7.4 has five vertices and seven
edges. From the structural characteristic C1, we know that three of the seven
edges are to be assigned as gear pairs and the remaining edges as turning pairs.
Equation (7.8) predicts 7!/(3!4!) = 35 possible combinations. After screening
out those graphs that do not obey the second structural characteristic, and after
eliminating isomorphic graphs, we obtain 12 structurally distinct bicolored
graphs as shown in Figure 7.6.

=g
SH5
g
Ed=g=

FIGURE 7.6
Bicolored graphs derived from the 2210 graph.

S3. Determination of edge levels.

In this step, the fundamental circuits associated with each bicolored graph
derived in the preceding step are identified by applying the third structural
characteristic, C3. Then, the turning-pair edges within each fundamental circuit
are labeled according to the remaining structural characteristics, C4 through
C8. In labeling the turning-pair edges, it is more convenient to start with those
fundamental circuits that have fewer numbers of turning-pair edges. In this
way, the edge levels can be easily determined by observation. In addition,
the number of possible assignments of edge levels for the subsequent circuits
is reduced by the fact that some of the edges have already been determined
from the preceding circuits. The procedure is continued until all the possible
assignments of edge levels are exhausted or the graph is judged to be infeasible.
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S4.

S5.

Consider the graph shown in Figure 7.7a. We start the labeling with the funda-
mental circuit formed by vertices 1-4—5-1 as shown in Figure 7.7b. Since there
are only two turning-pair edges, we can arbitrarily assign a level “a” to the 4-5
edge and a different level “b” to the 1-4 edge. In this regard, vertex 4 serves as
the transfer vertex for the circuit. Next, we consider the fundamental circuit de-
fined by the vertices 1-3—-4—1. Again, there are only two turning-pair edges as-
sociated with the circuit. However, the 1-4 edge level has already been assigned
from the previous circuit. Thus, we only need to determine the level of the 3—4
edge. We can assign anew level “c,” or use an existing level “a” for the 3-4 edge
as shown in Figures 7.7c and d without violating the structural characteristics C4
through C8. Finally, we consider the fundamental circuit formed by vertices
1-4-3-2—1. Although there are three turning-pair edges associated with the
circuit, two of them have already been determined from the other two circuits.
Thus, the third edge can be easily determined by observing the fifth structural
characteristic, C5. The labeled graphs are shown in Figures 7.7g and h.

As another example, consider the graph shown in Figure 7.8. There are three
fundamental circuits. We start the labeling with the circuit formed by vertices 1—-
4-5-1. Since there are only two turning-pair edges, we can arbitrarily assign
a level “a” to the 4-5 edge and a different level “b” to the 1-5 edge. Next, we
consider the fundamental circuit defined by the vertices 1-2-3—1. There are
only two turning-pair edges associated with this circuit. None of them have
been defined from the preceding circuit. Hence, we can arbitrarily assign a new
level “c” to the 1-2 edge and another level “d” to the 2-3 edge. This completes
the assignment of the second circuit. Finally, we consider the fundamental
circuit defined by the vertices 3—2—1-5-4-3. We notice that all the turning-
pair edges have already been determined from the other two circuits. A careful
examination of the labeling reveals that this circuit contains too many levels,
violating the fifth structural characteristic, C5. Hence, we conclude that this
graph is not feasible. In fact, this graph should be excluded from the outset
since it contains a circuit 1-3—4—1 formed exclusively by geared edges.

Determination of the type of gear meshes.

The two gears paired by each geared edge can assume an external-to-external,
external-to-internal, or internal-to-external gear mesh. Therefore, there are 3
possible gear mesh arrangements for each labeled graph obtained in S3. Again,
some of the arrangements may result in isomorphic mechanisms and should be
screened out.

Sketching of the corresponding functional schematics.

In this step, we sketch the functional schematic of each labeled graph. Here we
treat an edge of a graph as defining the connection between two links and the
thin edge level as defining the axis location of a turning pair. The functional
schematic of a labeled graph can be sketched by adhering to the following
guidelines.
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FIGURE 7.7
Two different labelings of turning-pair edges.
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FIGURE 7.8
A labeled graph that violates the structural characteristics.

1. Sketch a line for each thin edge level. We note that these lines should be
drawn parallel to one another for planar epicyclic gear trains, and inter-
secting at a common point for bevel gear trains. The arrangement of these
lines is rather arbitrary and it may occasionally require a rearrangement
in order to produce a nice-looking functional mechanism.

2. For each fundamental circuit, draw a pair of gears with their axes of
rotation passing through the corresponding center lines defined by the
levels of the terminal edges. Connect all gears of the same link number.

3. Draw the remaining links, if any, with their joint axes located on the
appropriate center lines in accordance with the edge levels.

4. Complete the remaining turning-pair connections according to the levels
of the graph.

For example, Figure 7.9a shows alabeled graph with three fundamental circuits.
In sketching the functional schematic of the gear train, we first draw three
parallel lines “a,” “b,” and “c” as shown in Figure 7.9b. Then, for the 2—1—
3-2 fundamental circuit, we draw a pair of gears (2 and 3) with their axes
of rotation passing through the two center lines “a” and “b;” for the 3—1-4-
3 fundamental circuit, we draw a second pair of gears (3 and 4) with their
rotation axes passing through the center lines “b” and “a;” and for the 4-1-5-4
fundamental circuit, we sketch a third pair of gears (4 and 5) with their axes
passing through the center lines “a” and “c,” respectively. We note that link 3
appears in the first and second fundamental circuits. Hence, these two gears
are connected as one link. Similarly, link 4 appears in the second and third
circuits and, therefore, these two gears are also connected as one link. Finally,
we draw link 1, which is the transfer vertex for all fundamental circuits, with its
axes of rotation passing through the center lines “a,” “b,” and “c,” and complete
all the turning-pair connections in accordance with the edge levels shown in
Figure 7.9a. This procedure can be automated by a computer program with a
graphical input-output feature.
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FIGURE 7.9
Sketching of an EGT.

7.4 Genetic Graph Approach

Buchsbaum and Freudenstein’s method is a powerful tool for enumeration of EGTs
in a systematic and unbiased manner. However, the process becomes more involved
as the number of links increases. In this section, we introduce an alternative method
called the genetic graph approach to improve the efficiency [14].

This approach uses the graph of a basic gear train, called the genetic graph, as a
building block. In view of the first structural characteristic, each time we increase
the number of vertices by one, we also increase the number of loops, the number
of turning-pair edges, and the number of geared edges by one. The new vertex can
be connected to any vertex of the genetic graph by a turning-pair edge, and to any
other vertex by a geared edge, as shown in Figure 7.10a. In this way, n(n — 1) new
unlabeled graphs are generated from a genetic graph of n vertices. However, some of
the graphs may be rejected due to violation of the structural characteristics, whereas
others may be isomorphic to one another. Hence, the total number of nonisomorphic
unlabeled graphs is usually fewer than n(n — 1).

The procedure can be automated by a computer program using the adjacency matrix
notation and a nested-do loops algorithm. Specifically, we start with a given adjacency
matrix of order n. Each time we increase the number of vertices by one, we add a
row and a corresponding column to the matrix. We first initialize all elements of the
new row and the corresponding column to zero. Then we assign a “1” to one element
(excluding the diagonal element) in the newly added row (and the corresponding
column) for a turning pair, and a “g” to another element for a gear pair. This results
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FIGURE 7.10
Enumeration of EGTs.

in a matrix of order n 4 1, representing a new gear train having n + 1 links. The
process is repeated until all the possible arrangements are exhausted. Finally, graph
isomorphisms are checked. Figure 7.10b illustrates the concept of extending a 3 x 3
matrix to a 4 x 4 matrix. The upper-left 3 x 3 submatrix represents the genetic graph
shown in Figure 7.10a, and the elements with a pound sign in the fourth row and
fourth column are to be filled with a “1” and a “g.” Using this methodology, the first
three structural characteristics are automatically satisfied. The process is similar to
the conventional method of designing gear trains. A designer starts with a simple
gear train and increases the complexity of the design by adding one gear at a time.
When a new gear is added, a journal bearing is also incorporated to support the gear.

The approach has been successfully employed for the enumeration of one-dof EGTs
with up to five independent loops [9, 14], and the enumeration of two-dof EGTs [16].

7.5 Parent Bar Linkage Method

In this section we introduce another approach called the parent bar linkage tech-
nique [13]. The parent of a mechanism is defined as that bar linkage that is generated
by replacing each g-dof joint in the mechanism with a binary-link chain of length
q — 1. For example, Figures 7.11a and ¢ show the functional schematic and graph
representations of an EGT with two gear pairs. The parent bar linkage is obtained
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by replacing each gear pair by two turning pairs and one intermediate binary link as
shown in Figures 7.11b and d. We note that the process of joint substitution has no
effect on the mobility of a mechanism. The above process can also be reversed; that
is, a mechanism with multi-dof joints can be generated by replacing a binary-link
chain of length ¢ — 1 in a parent bar linkage by a g-dof joint.

82]-—
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(a) 4-link EGT (b) Parent bar-linkage

1 ¢+ 6 g 4

PAV RN AV

(c) Graph of (a) (d) Graph of (b)

FIGURE 7.11
An epicyclic gear train and its parent bar linkage.

By definition, parent bar linkages have the same number of loops and number of
degrees of freedom as the mechanisms generated. Hence, the atlas of bar linkages
listed in Appendix D can be used as a basis for generating epicyclic gear trains of the
same nature, i.e., same number of degrees of freedom, F, and number of independent
loops, L. In general, an n-link bar linkage can be used to construct a gear train,
provided that there are at least L number of binary links in the parent bar linkage.
The method can summarized as follows.

1. Identify planar bar linkages with the desired number of degrees of freedom,
F, and number of independent loops, L, from the atlas of graphs listed in
Appendix D. Those parent bar linkages should contain at least one binary
vertex in each loop.

2. Replace one binary vertex in each loop along with its incident edges by a geared
edge.
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3. Eliminate those graphs that do not obey the first and second structural
characteristics.

4. Assign a level to each thin edge in accordance with the remaining structural
characteristics. This results in a family of EGTs that have the same number
of degrees of freedom and number of independent loops as that of the parent
bar linkages.

5. Sketch the corresponding functional schematics.

This method can be very efficient, provided that an atlas of parent bar linkages
already exists [8, 13].

7.6 Mechanism Pseudoisomorphisms

Since the edges of a graph represent the joints of a kinematic chain, multiple joints
cannot be properly represented. For this reason, a ternary joint is represented by
two coaxial binary joints, a quaternary joint by three coaxial binary joints, and so on.
This notation, however, creates a problem in uniquely representing a mechanism with
multiple joints.

When there are several links in a mechanism sharing a common joint axis, it is
possible to reconfigure the pair connections among these coaxial links without affect-
ing the functionality of the mechanism. For the mechanism shown in Figure 7.12a,
links 1, 2, 3, and 4 share a common joint axis, “a.” Therefore, the revolute joints
connecting these four coaxial links can be reconfigured in several different ways.
Figure 7.12c shows a rearrangement of the revolute joints. The corresponding graphs
are shown in Figures 7.12b and d, respectively. Although these two mechanisms are
structurally nonisomorphic, they are kinematically equivalent. From the functional
point of view, they are considered to be isomorphic. Such kinematically equivalent
mechanisms and their corresponding graphs are called pseudoisomorphic mechanisms
and pseudoisomorphic graphs, respectively [4, 15].

Specifically, the graph shown in Figure 7.12d is obtained from the graph shown
in Figure 7.12b by replacing the 1-2 turning-pair edge with a 1-3 turning-pair edge
of the same level. The process of replacing a turning-pair edge with another of the
same level is called a vertex selection [4]. The number of possible vertex selections
increases with the number of coaxial links in a mechanism. This creates a need for
identification of pseudoisomorphisms. Alternatively, we can identify a unique graph
among all the possible pseudoisomorphic graphs as the canonical graph to represent
all the possible pseudoisomorphic graphs. The canonical graph representation is
defined for epicyclic gear trains with the fixed link clearly identified as the root. In
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FIGURE 7.12
Pseudoisomorphic mechanisms and their graph representations.

canonical graph representation, all thin-edged paths that emanate from the root and
terminate at any other vertex have distinct edge levels. See Chapter 8 for more details.

7.7 Atlas of Epicyclic Gear Trains

Using the methods described in the preceding sections, epicyclic gear trains with
one, two, and three degrees of freedom and with up to four independent loops (four
gear pairs) have been enumerated by various researchers [2,4, 13, 14, 16, 8]. Table 7.1
summarizes the number of labeled nonisomorphic graphs in terms of the number of
degrees of freedom and the number of independent loops. Appendix F provides an
atlas of labeled graphs and typical functional schematics of nonfractionated epicyclic
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gear trains classified according to the number of degrees of freedom, number of
independent loops, and vertex degree listing.

Table 7.1 Classification of Epicyclic Gear
Trains.

Degrees of No. of No. of No.of No. of
Freedom Loops Links Joints Solutions

F L n j

1 1 3 3 1
2 4 5 3
3 5 7 13
4 6 9 80

2 1 4 4 0
2 5 6 0
3 6 8 3
4 7 10 50

3 1 5 5 0
2 6 7 0
3 7 9 0
4 8 11 8

7.7.1 One-dof Epicyclic Gear Trains

For one-dof epicyclic gear trains, there are 1 single-loop, 2 two-loop, 6 three-loop,
and 26 four-loop, unlabeled nonisomorphic graphs as shown in Figures 7.13 and 7.14.
These graphs can be labeled into 1 three-link, 3 four-link, 13 five-link, and 80 six-link,
labeled nonisomorphic graphs as shown in Tables F.1 through F.8, Appendix F.

One-dof EGTs are widely used as simple speed reducers, automotive transmission
mechanisms, and other power transmission mechanisms. Note that there exists a
graph that contains a circuit made up of only geared edges as shown in Figure 7.15.
Although this gear train violates the structural characteristic, C8, it does not require
special link length proportions to achieve mobility.

7.7.2 Two-dof Epicyclic Gear Trains

For two-dof epicyclic gear trains, there are no nonfractionated EGTs with one
or two independent loops. There are 3 labeled nonisomorphic graphs with three
independent loops as shown in Table F.9, Appendix F, and 50 labeled nonisomorphic
graphs with four independent loops. A skillful engineer can sketch a mechanism
from graph number 1 listed in Table F.9 into a two-dof robotic wrist as shown in
Figure 7.16. Graphs of two-dof EGTs with four independent loops can be found in
Tsai and Lin [16].
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(d) 1400 (e) 2210-1 (f) 2210-2
1
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2 3 4 5 3 3
(9) 2210-3 (h) 3020-1 (i) 3020-2
FIGURE 7.13

Unlabeled graphs of 3- to 5-link EGTs.

A two-dof coupling that maintains a constant velocity ratio between the input and
output shafts is shown in Figure 7.17. The coupling consists of two hinged frames,
links 1 and 2, that house three differential gear trains. The first differential, consisting
of bevel gears 3, 4, 5, and 6, determines the speed ratio between the input and output
shafts; the second differential, consisting of spur gears 2, 7, and 8, detects relative
rotation of the two frames; and the third differential, consisting of bevel gears 8, 9,
and 4, picks up the motion of the spur-gear differential to compensate for the velocity
fluctuation due to relative rotation of the two frames. The spur gears remain stationary
except when the two frames are changing their relative angular orientation. As one
frame rotates with respect to the other, the spur-gear train provides an input to the
third differential, which in turn either retards or advances the rotation of the first
differential keeping the velocity ratio constant at all times.

7.7.3 Three-dof Epicyclic Gear Trains

For three-dof epicyclic gear trains, there are no nonfractionated EGTs with one,
two, or three independent loops. Table F.10 in Appendix F gives 8 labeled graphs of
three-dof EGTs having four independent loops.
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6502 6503 6504 6505 6506
6601
FIGURE 7.14

Unlabeled graphs of 6-link EGTs.

7.8 Kinematics of Epicyclic Gear Trains

Numerous methods for kinematic analysis of EGTs have been proposed by several
researchers [1, 6, 7, 10, 11, 12, 17]. The most straightforward approach makes use
of the theory of fundamental circuits introduced by Freudenstein and Yang [S5]. The
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(a) Functional schematic (b) Graph representation
FIGURE 7.15

An EGT having a circuit consisting of only geared edges.

End-effector

FIGURE 7.16
A two-dof wrist mechanism.
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FIGURE 7.17
Constant velocity-ratio drive.

method was subsequently modified by Tsai [15] for the kinematic analysis of bevel-
gear robotic mechanisms. This method can be easily implemented on a computer for
automated analysis of EGTs.

7.8.1 Fundamental Circuit Equations

In the previous sections, we have shown that when all geared edges are taken off
the graph of an EGT, the remaining subgraph is a tree. When a geared edge is put
back onto the tree, it forms precisely one circuit called the fundamental circuit and
the number of fundamental circuits is equal to the number of gear pairs in the gear
train. In what follows, we show that a basic kinematic equation can be derived for
each fundamental circuit.

Let i and j be a gear pair and k be the carrier. Then links 7, j, and k constitute a
simple gear train as illustrated in Figure 7.18. Since the tangential velocities at the
meshing point of the two gears with respect to the carrier are equal to one another, a
fundamental circuit equation can be written as

wj —wx = £N;j ;i (wj — wx) | (7.10)

where w; denotes the angular speed of link i, and Nj; = D;/D; = T;/T; represents
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(a) Functional schematic (b) Graph representation
FIGURE 7.18

A gear pair and its fundamental circuit.

the gear ratio, where D; and 7; are the pitch diameter and the number of teeth on gear
i. The sign in Equation (7.10) is positive if a positive rotation of gear i relative to the
carrier k produces a positive rotation of gear j, otherwise it is negative. By definition,
we have

1

Nip = — .
ik Ny

(7.11)

Equation (7.10) is valid whether the gear train is a planar or bevel gear type and
whether the carrier is stationary or not. To facilitate the analysis, a positive direction
of rotation, z;-axis, is assigned to each joint axis of an epicyclic gear train. For planar
gear trains, it is most convenient to define the positive direction of rotation of all gears
to be pointing out of the paper. In this way, we have a positive sign for an internal
gear pair and a negative sign for an external gear pair. For bevel gear trains, we
simply assign a positive direction of rotation to each joint axis, and obtain the sign of
Equation (7.10) by following the above definition. Writing Equation (7.10) once for
each fundamental circuit of an epicyclic gear train results in j, fundamental circuit
equations that can be solved for the speed ratios of any two gears.

7.8.2 Examples

Example 7.1 Minuteman Cover Drive

Refer to Figure 7.19 for the functional schematic and graph representation of the
Minuteman cover drive. In this mechanism, the firstring gear, link 1, is held stationary;
the sun gear, link 2, serves as the input link; and the other ring gear, link 5, is the
output link. The compound planet, link 4, meshes with the sun gear 2 and the two ring
gears and is supported by the carrier, link 3, by a revolute joint. Link 2 is connected
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to links 1, 3, and 5 by revolute joints. Overall, it forms a one-dof compound planetary
gear train. We wish to find the speed reduction ratio for this mechanism.

5: Qutput

L T i
(a) Functional schematic (b) Graph representation

FIGURE 7.19
Minuteman cover drive and its graph representation.

Since there are three gear pairs in the mechanism, the number of fundamental
circuits is equal to three. From the graph representation, we can easily identify the
three fundamental circuits as (2, 4)(3), (1, 4)(3), and (4, 5)(3). In this notation, the
first two numbers in the parentheses denote the gear pair and the third number denotes
the carrier. The fundamental circuit equations can be written as

@ — w3 = —Ng(wg—w3), (7.12)
w; —w3 = Ng (w4 —w3) , (7.13)
w4 — w3 = Nsq(ws—w3) . (7.14)

Since link 1 is fixed, w; = 0, identically. We treat w, as the input and ws as the
output of the gear train. Hence, we have three linear equations in three unknowns,
w3, w4, and ws. Substituting Equation (7.14) into Equations (7.12) and (7.13) yields

wy —w3 = —NgpNsy(ws —w3), (7.15)
@3 = —N4iNs4 (w5 —w3) , (7.16)

Solving Equation (7.16) for w3 and substituting the resulting expression into Equa-
tion (7.15) yields

(N41Nsq4 — 1)

= AT 7, (7.17)
Ns4 (Na1 + Naz)

ws

Equation (7.17) gives the overall speed ratio of the gear train. For example, let
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32 33 75
Ny = s Ny = 5 and Nsq = 33 then

5 (2, B
w BT
20 sa.
ws 2.1

I

We observe that a very large gear ratio can be obtained from a relatively simple and
compact gear train.

Example 7.2 Simpson Gear Train

Figure 7.20 shows a schematic diagram of the Simpson gear set, where link 1 is
grounded, link 4 serves as the input, and link 2 is the output. We wish to find the
speed ratio of the gear train.

4 1: grounded
| —
In I T -
put
' R
\'/ l"—-:|| c T b
BANANY 2 3 2 | Losaas Output>
a
ENNNN N
A
]
T
FIGURE 7.20

Simpson gear train.

The graph representation of the gear train is shown in Figure 7.3. There are four
fundamental circuits: (5, 2)(1), (5, 3)(1), (6, 4)(2), and (6, 3)(2), and the fundamental
circuit equations are

ws —w1 = +Nys (w2 —wi1), (7.18)
ws —wp = —N35(w3—w1), (7.19)
we— w2y = Ny (ws— ) , (7.20)

weg—wy = —Ni3c(w3—w) . (7.21)
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Since link 1 is fixed, w; = 0, identically. We treat w4 as the input and w; as the
output of the gear train. Hence, we have four linear equations in four unknowns, w;,
w3, ws, and wg. We need to eliminate w3, ws, and wg from these four equations.

Equating Equations (7.20) and (7.21) yields

N36 (w3 — @2) + Nag (w4 —w2) =0. (7.22)
Similarly, equating Equations (7.18) and (7.19) yields
N3swz + Noswpy = 0. (7.23)

Eliminating w3 from Equations (7.22) and (7.23) yields the speed ratio as

N N
%=1+ﬁ(1+£>. (7.24)
@2 Ny N3s

Let the gear sizes of the input planetary gear set be Ty = 70, T = 14, and T3 = 42;
and that of the output planetary gear set be Ty = 30, T5 = 16, and 7 = 62. Then we
have Ns¢ = 5, N3g = 3, Nas = 3.875, and N35 = 1.875. Substituting these values
into Equation (7.24), we obtain

2084,

w2
This is a typical reduction for the first gear of an automotive automatic transmission
mechanism.

Example 7.3 Constant Velocity-Ratio Drive

We wish to derive the speed ratio between the input and output shafts of the two-dof
differential gear train shown in Figure 7.17.

There are six fundamental circuits: (7, 2)(1); (8, 7)(1); (8, 9)(5); (9, 4)(5); (4,3)(1);
and (5, 6)(2). The fundamental circuit equations are

w7 —w = —Ny(w—wy), (7.25)
wg—w; = —Nig(w7—w1), (7.26)
wg —ws = —Nog (w9 —ws) , (7.27)
w9 —ws = +Ny (w4 —ws) , (7.28)
wy—w; = +N3(w3—0w1), (7.29)
ws —wy = —Ngs(wg—w) . (7.30)

We now consider the mechanism as a two input device and solve the above six
equations for wg in terms of w3 and w,. In view of the bevel gear construction,
NogN49 = 1. Since link 1 is fixed, @1 = 0 identically. Substituting Equation (7.25)
into Equation (7.26), yields

wg = N7gNojw, (7.31)
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Substituting Equations (7.28) and (7.31) into Equation (7.27) and making use of the
fact that NogNg9 = 1, yields

N7gNy1wy = —w4 + 2ws (7.32)

Solving Equations (7.29) and (7.30) for w4 and ws, respectively, and substituting the
results in Equation (7.32), we obtain
N34 2 (1 + Ngs) — N27N7g
— w3 w) .
2Nes 2Negs

By selecting the gear ratios such that 2(1 + Ng5) = N27N7g, Equation (7.33) reduces
to

(7.33)

we =

wfg = ———w3 . (7.34)

Therefore, a constant angular speed ratio between the input and output shaft is main-
tained regardless of whether link 2 is rotating or not.

7.9 Summary

The structural characteristics of EGTs were identified. It was shown that an n-link
EGT contains (n — 1) turning pairs and n — 1 — F gear pairs. The subgraph formed
by deleting all the geared edges from the graph of an EGT is a tree. Any geared
edge added onto the tree forms a fundamental circuit, and the number of fundamental
circuits is equal to the number of gear pairs. In each fundamental circuit there exists a
transfer vertex, which corresponds to the carrier of a gear pair. Using these structural
characteristics, various methods of enumeration were presented. An atlas of EGTs
with one, two, and three-dof and with up to four independent loops is developed
in Appendix F. This atlas can be very helpful for the design of mechanical power
transmission mechanisms. Furthermore, a simple and straightforward approach for
speed-ratio analysis of EGTs is introduced. The method utilizes the theory of funda-
mental circuits. Several examples are given to illustrate the method of analysis.
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I
Exercises
7.1 Sketch the graph representation for the gear train shown in Figure 7.21 and
identify the transfer vertices.
L1°T
2 -+
T L 4
S T v/~) Output
— 3 -
Input S 4 V7
1 1
FIGURE 7.21

Triple-planet EGT.

7.2

7.3

7.4

7.5

7.6

Sketch the graph representation for the gear train shown in Figure 7.22, and
identify the transfer vertices.

Label the 1400 (vertex-degree listing) graph shown in Figure 7.4 into as many
one-dof EGTs as possible. Sketch one representative EGT using external gears.

Label the 3020 (vertex-degree listing) graph shown in Figure 7.4 into as many
one-dof EGTs as possible. Sketch one representative EGT for each labeled
graph using external gears.

Label the 4000 (vertex-degree listing) graph shown in Figure 7.5 into as many
two-dof EGTs as possible. Sketch one representative EGT and show that, by
proper vertex section, the labeled graph can be reconfigured into one with an
articulation point.

Label the 3200 (vertex-degree listing) graphs shown in Figure 7.5 into as many
two-dof EGTs as possible. Sketch one representative EGT and show that, by
proper vertex section, the labeled graphs can be reconfigured into one with an
articulation point.
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FIGURE 7.22
Compound planetary gear set - 1.

7.7 Prove that the differential gear train shown in Figure 7.23 is a two-dof EGT.

Using the vertex selection technique, show that it can be reconfigured into a
mechanism with an articulation point.

FIGURE 7.23
A differential gear set.

7.8 Enumerate the graphs of one-dof EGTs with two loops by using the parent bar

linkage technique. Sketch one representative EGT for each labeled graph using
external gears.
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7.9 Enumerate the graphs of one-dof EGTs with three loops by using the parent
bar linkage technique. Sketch one representative EGT for each labeled graph
using external gears.

7.10 Sketch a three-dof EGT for each of the graphs shown in Table F.10, Appendix F,
using external gear meshes.

2: Input link
Py (42 4b | L
Fr i
7 T
4 p— 3 1 /\3: Output link
) — p—
/ Y
v L L
1: Fixed link
FIGURE 7.24

Robotic speed reducer.

7.11 Figure 7.24 shows the schematic diagram of a speed reducer for which the
smaller sun gear (link 1) is fixed to the ground, the carrier (link 2) is the input
link, and the larger sun gear (link 3) serves as the output link. The compound
planet, link 4, meshes with both sun gears. Find the speed reduction ratio and
show that a 100:1 speed reduction can be achieved.

7.12 Find the speed reduction ratio for the planetary gear train shown in Figure 7.25.
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FIGURE 7.25
Compound planetary gear set - 2.
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Chapter 8

Automotive Mechanisms

8.1 Introduction

In this chapter, we illustrate the usefulness of the systematic design methodol-
ogy by enumerating a few automotive related mechanisms, including variable-stroke
engine mechanisms, constant-velocity shaft couplings, and automatic transmission
mechanisms.

For each case, we first identify the functional requirements. Then, we translate
some of the requirements into structural characteristics for the purpose of enumeration
of the kinematic structures. Lastly, we apply the remaining functional requirements
along with other requirements, if any, for qualitative evaluation of the kinematic
structures. This results in a class of feasible mechanisms or design alternatives.
Since we are primarily concerned with the enumeration and qualitative evaluation
of various design alternatives, other phases of design such as dimensional synthesis,
design optimization, and design detailing will not be considered.

8.2 Variable-Stroke Engine Mechanisms

Most automobiles employ internal combustion engines as the source of power. Such
a vehicle is typically equipped with an engine that is large enough to meet desired
performance criteria such as maximum acceleration and hill climbing capability. On
the other hand, only a fraction of the engine power is needed for highway cruising.
To meet various load requirements, it is necessary to incorporate some kind of engine
load control mechanism. Most internal combustion engines employ the crank-and-
slider mechanism with a constant stroke length as the engine mechanism. Load
control is achieved by throttling the inlet. Throttling, however, introduces pumping
losses. It becomes clear that engine efficiency can be improved if the throttling can
be eliminated or reduced.

One approach is to employ a mechanism to vary the valve lift, and the valve
opening and closing points, with respect to the engine fop-dead-center, as a function

179
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of vehicle load requirements. Another approach is to vary the piston stroke length
and, therefore, the displacement of the engine. More specifically, under light-load
operations, the engine runs at short stroke such that the air-fuel mixture induced in
the cylinder is only sufficient to meet the load requirement. For high-load operations,
the engine runs at long stroke to increase the output power. According to a computer
simulation, an automobile equipped with a variable-stroke engine can potentially
improve its fuel economy by 20% with a concurrent reduction in NO, emission [14].
The improvement in fuel economy comes primarily from a reduction of pumping loss
due to the elimination of inlet throttling. Another reason is due to reduction in engine
friction under short stroke operations [17, 18].

In this section, we study the enumeration of a class of variable-stroke engine mech-
anisms.

8.2.1 Functional Requirements

For a variable-stroke engine mechanism to function properly, the mechanism should
be able to maintain a nearly constant compression ratio as the stroke length changes.
It is also desirable to maintain a constant phase angle relation between the top-dead-
center position of the piston and the crankshaft angle. In addition, the time required
to change the stroke length from short to long should be within a few tenths of a
second to meet the acceleration performance requirement. Finally, the mechanism
should be relatively simple and economic to produce. In this regard, the design of a
variable-stroke engine presents a very challenging problem to automotive engineers.
We summarize the functional requirements of a variable-stroke engine mechanism as
follows:

F1. The mechanism should have the capability to change the stroke length as a
function of engine load requirements.

F2. The compression ratio should remain approximately constant for all stroke
lengths.

F3. The top-dead-center position of the piston with respect to the crankshaft angle
should remain approximately constant for all stroke lengths.

F4. The time required to change the stroke from short to long should be within a
few tenths of a second.

F5. The mechanism can be manufactured economically.

8.2.2 Structural Characteristics

There are three types of engine configurations: axial, in-line, and rotary configu-
rations. In an axial configuration, such as the swash-plate and wobble-plate engine
mechanisms, the cylinders are arranged in a circumference with their axes parallel
to the crankshaft. In an in-line configuration, such as the crank-and-slider engine
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mechanism, the cylinders are arranged longitudinally with their axes perpendicular
to the axis of the crankshaft to form an in-line or V configuration. A rotary configu-
ration, such as the Wankel engine, consists of two rotating parts: a triangular shaped
rotor and an eccentric output shaft. The rotor revolves directly on the eccentric shaft.
It uses an internal gear that meshes a fixed gear on the engine block to maintain a
correct phase relationship between the rotor and eccentric shaft rotations. The axial
type involves spatial motion and the rotary type requires higher kinematic pairs. In
what follows, we concentrate on the in-line configuration.

Theoretically, a variable-stroke engine mechanism should possess two degrees of
freedom: one for converting reciprocating motion of the piston into rotary motion of
the crankshaft and the other for adjusting the stroke length. To simplify the problem,
we temporarily exclude the degree of freedom associated with the control of stroke
length. Since it is undesirable to incorporate a stroke length controller on a floating
link, the change of stroke length will be accomplished by adjusting the location of a
“fixed pivot.” That is, the second degree of freedom is obtained by moving a chosen
“fixed pivot” of a one-dof mechanism along either a straight or curved guide. Hence,
the engine block should be a ternary link such that, in addition to the adjustable
pivot, there are two permanently fixed joints: one for connecting the crankshaft and
the other for connecting the piston to the engine block. This simplification reduces
the search domain from two-dof to one-dof planar linkages. We assume that only
revolute and prismatic joints are permitted. To reduce friction, we further limit the
number of prismatic joints to one, which will be used for connecting the piston to the
engine block. From the above discussion, we summarize the engine specific structural
characteristics as follows:

1. Mechanism type: planar linkages

2. Degree of freedom: F = 1 (Change of stroke length will be accomplished by
adjusting the location of a fixed pivot.)

3. Joint types: revolute (R) and prismatic (P)
4. Number of prismatic joints: one (ground-connected)

5. Fixed link: ternary link

Note that we have incorporated only the first functional requirement into the struc-
tural characteristics. The remaining functional requirements are difficult to translate
in mathematical form and, therefore, will be included in the evaluator for selection of
feasible mechanisms. As a matter of fact, some of the requirements may not be judged
properly without more detailed dimensional synthesis and design optimization.

8.2.3 Enumeration of VS-Engine Mechanisms

We begin our search with one-dof six-bar linkages. There are two kinematic struc-
tures: Watt and Stephenson types as shown in Table D.2, Appendix D. Both kinematic
chains have two ternary links. Following the structural characteristics described
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above, we assign one of the ternary links as the fixed link and one of the ground-
connected joints as the prismatic joint. As a result, we obtain four nonisomorphic
kinematic structures as shown in Figure 8.1. The following notations apply to all
the schematic diagrams shown in Figure 8.1. Link 1 is the fixed link (engine block),
link 2 is the crank, link 4 is connected to the fixed link by an adjustable pivot, link 5
is the connecting rod (attached to the piston), and link 6 is the piston.

We observe that the piston and the crankshaft of the second mechanism shown
in Figure 8.1 belong to a four-bar loop. A change in the location of the adjustable
pivot does not have any effect on the stroke length. Consequently, this mechanism
is excluded from further consideration. The other three mechanisms remain as fea-
sible solutions. Next, we evaluate these mechanisms against the second functional
requirement. At this point, it is unclear whether these mechanisms can provide an
approximately constant compression ratio. More detailed dimensional synthesis and
design optimization are needed. The selection of a promising candidate for detailed
analysis and synthesis is dependent on the designer’s experience and creativity. We
now check against the third and fourth functional requirements. It appears to be
impossible for any of these mechanisms to maintain a constant top-dead-center po-
sition with respect to the crankshaft angle. A phase compensation mechanism or a
computer-controlled spark ignition system will be needed if any of the above can-
didates are to be developed as a viable variable-stroke engine. Whether the change
of stroke length can be accomplished within a few tenths of a second depends on
the selected actuating system and the controller. Finally, we point out that these
mechanisms potentially can be manufactured economically.

Note that if we allow the maximum number of prismatic joints to be two with
the condition that no link can contain more than one prismatic joint, the number of
nonisomorphic mechanism structures increases to 16 [3].

Itis interesting to note that structure number 4 shown in Figure 8.1 was developed as
a variable-stroke engine by the Sandia National Laboratories [13]. A cross-sectional
view of the variable-stroke engine mechanism is shown in Figure 8.2. We note that
the adjustable pivot, the lower end of link 4, is connected to the engine block by an
additional link and its location is controlled by a linear ball screw. A phase changing
device was incorporated in this prototype engine to compensate for the change in
phase angle due to stroke length variation.

To overcome the disadvantages associated with six-link variable-stroke engine
mechanisms, Freudenstein and Maki [3] developed an eight-link variable-stroke en-
gine mechanism. In their study, a maximum of two prismatic joints were allowed
with the condition that no link can contain more than one prismatic joint. Figure 8.3
shows a paired-cylinder variable-stroke engine mechanism developed by Freuden-
stein and Maki. A sliding block, link 9, is added between link 5 and the engine block
for the purpose of adjusting the stroke length. Because of the ingenious design, the
top-dead-center position of the pistons with respect to the crank angle remains con-
stant as sliding block 9 moves up and down. The compression ratio has also been
optimized to a nearly constant value. Readers are referred to the above reference for
more details of the development.
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No. Graph ) Functional Schematic Comment

(1) Watt chain

Watt chain
(Not feasible)

(2

3) Stephenson

chain

Stephenson
chain

FIGURE 8.1
Six-link VS-engine mechanisms with only one prismatic joint.
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FIGURE 8.2
Sandia Laboratory’s VS-engine mechanism.

8.3 Constant-Velocity Shaft Couplings

Constant-velocity (C-V) shaft couplings are widely used in automobiles and other
machinery for transmitting power from one shaft to another to allow for small mis-
alignments or relative motion between the two shafts. In this section, a class of C-V
shaft couplings will be enumerated.

8.3.1 Functional Requirement

The functional requirement of a C-V shaft coupling can be simply stated as a mech-
anism for transmitting a one-to-one angular velocity ratio between two nonparallel
intersecting shafts.
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FIGURE 8.3
General Motors paired-cylinder VS-engine mechanism.

8.3.2 Structural Characteristics

Although several different types of C-V shaft couplings exist, the principle of
operation is common to all couplings. Namely, they are one-dof mechanisms and
the one-to-one angular velocity ratio between the input and output shaft is associated
with a symmetry of the coupling about a plane called the homokinetic plane, which
bisects the two shaft axes perpendicularly [8]. Perhaps, the most elementary form of
C-V coupling is the bend-shaft coupling shown in Figure 8.4, where the axes of two
identical shafts intersect at a point O. The homokinetic plane is the plane passing
through O, perpendicular to the paper, and bisecting the angle between the two shaft
axes. As the shafts rotate, the contact point Q lies in the homokinetic plane for all
phases. Since the perpendicular distances from the contact point Q to the two shaft
axes, r1 and r,, are always equal to each other, the angular velocity ratio of the two
shafts remains constant at all times. This mechanism is not very practical because it
involves a five-dof higher pair.

Although it is conceivable that a single-loop C-V shaft coupling that violates the

above general principle may exist, we will not be concerned with such a possibility.
We note that the Hook joint is not a C-V shaft coupling. Although two Hook joints can
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FIGURE 8.4
Bend-shaft C-V coupling.

be arranged to achieve a constant-velocity coupling effect, the resulting mechanism
does not obey the general degree-of-freedom equation.

There are two basic types of C-V shaft couplings: ball type and linkage type [10].
The ball type is characterized by point contact between the balls and their races in
the yokes of the shafts, whereas the linkage type is characterized by surface contact
between the links. In the following, we limit ourselves to the linkage type. Further,
we concentrate on the single-loop spatial mechanisms. We assume that revolute,
prismatic, cylindric, spherical, and plane pairs are the available joint types. We
summarize the structural characteristics of C-V shaft couplings as follows:

1. Type of mechanism: spatial single-loop linkages.
2. Degree-of-freedom: F = 1.
3. Mechanism structure is symmetrical about a homokinetic plane.

4. Available joint types: R, P, C, S, and E.

8.3.3 Enumeration of C-V Shaft Couplings

Figure 8.5a shows the general configuration of a C-V shaft coupling [2], where the
fixed link is denoted as link 1, the input link as link 2, and the output link as link 3.
Both the input and output links are connected to the fixed link by revolute joints. The
connection between the input link and the output link is abstractly represented by
a rectangular box. The homokinetic plane intersects perpendicularly at the axis of
symmetry. The rest of the mechanism remains to be determined.

Since we are interested in single-loop C-V shaft couplings, the number of links
is equal to the number of joints and all the links are necessarily binary. The loop
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FIGURE 8.5
General configuration of a C-V shaft coupling.

mobility criterion, Equation (4.7), requires that
Z fi=17. (8.1)
i

Since the minimum degrees of freedom in any joint is one, the number of joints and,
therefore, the number of links should not exceed seven; that is,

n=j<T7. (8.2)

Since the first and last joints are preassigned as revolute joints and the mechanism is
symmetrical about the homokinetic plane, the number of links (and joints) should be
odd; that is

n=j=3,5 or7. (8.3)
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The case n = j = 3 requires a five-dof joint as shown in Figure 8.4, which is
judged to be impractical. Hence,

n=j=5orT7.

The graph representations of these two families of mechanisms are sketched in Fig-
ures 8.5b and ¢, where vertex 1 denotes the ground-connected link, vertex 2 the input
link, and vertex 3 the output shaft. The two ground-connected joints are prelabeled
as revolute. The other joint types are labeled symmetrically with respect to the fixed
link as X and Y for the five-link chain, and X, Y, and Z for the seven-link chain.

Let the degrees of freedom associated with the X, Y, and Z joints be denoted by
fx, fy, and f7, respectively. We now discuss the enumeration of each family of C-V
shaft couplings as follows.

Five-Link C-V Shaft Couplings. Figure 8.5b indicates that there are two prela-
beled revolute joints, two unknown X joints, and one Y joint. Substituting this
information into Equation (8.1) yields

2+ fy=5. 8.4)

We have one equation in two unknowns and both unknowns are restricted to positive
integers. Solving Equation (8.4) yields the following two solutions:

fa=1, fy=3;

and
fi=2 fy=1.

The first solution implies that the X joint can be either a revolute or prismatic joint,
while the Y joint can be a spherical or plane pair. The second solution implies
that the X joint is a cylindric joint, while the Y joint can be a revolute or prismatic
joint. Labeling the graph shown in Figure 8.5b with these joint distributions results
in six distinct mechanisms, with the names of some known C-V couplings given in
parentheses below:

RRERR (Tracta coupling),
RRSRR (Clements coupling),
RPEPR,

RPSPR (Altmann coupling),
RCRCR (Myard coupling),
RCPCR.

Seven-Link C-V Shaft Couplings. Figure 8.5¢ shows the graph of a seven-link
chain with two prelabeled revolute joints and two unknown X, two unknown Y, and
one unknown Z joints. Substituting this information into Equation (8.1) yields

2fi +2f+ fi=5. (8.5)
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Hence, we have one equation in three unknowns and they must be all positive integers.
The only solution to Equation (8.5) is

fxzfy:fz=1~

That is, all the X, Y, and Z joints must be either revolute or prismatic. Labeling the
graph shown in Figure 8.5¢ with this joint distribution results in six distinct kinematic
structures as given below:

RRRRRRR (Myard, Voss, Wachter and Reiger),
RRRPRRR,

RRPRPRR (Derby, S.W. Industries),
RPRRRPR,

RRPPPRR,

RPRPRPR.

Overall, a total of 12 kinematic structures of C-V shaft couplings are found. For
convenience, functional schematic diagrams of the six well-known C-V shaft cou-
plings are sketched in Figure 8.6.

8.4 Automatic Transmission Mechanisms

Automotive transmissions can be generally classified as manual and automatic
transmissions. This section deals with the enumeration of automatic transmission
mechanisms. A commercial automotive automatic transmission is shown in Fig-
ure 8.7. As can be seen from the figure, an automatic transmission typically consists
of a torque converter, a gear train, a set of clutches, and a clutch controller. In front
wheel drive vehicles, the final reduction unit and the differential are also located in
the transmission housing.

The torque converter has three purposes. First of all, it serves as a fluid coupling to
provide a smooth transmission of torque from the engine to the wheels. It also allows
a vehicle to stop without stalling the engine. Second, it multiplies the engine torque
for additional vehicle performance. Third, with the use of a torque converter clutch,
it provides a direct mechanical link between the engine and the gear train to further
improve fuel economy. The torque converter consists of an impeller, a turbine, a
stator, and a converter clutch. The impeller is mechanically connected to the engine
crankshaft. It receives power from the engine and imparts motion to the transmission
fluid. The fluid escapes through the outer circumference of the impeller and enters
the turbine. The turbine is mechanically connected to the gear train. The fluid leaves
the turbine at the inner circumference of the turbine blades and reenters the impeller
through the stator blades. The purpose of the stator blades is to redirect the fluid flow
from the turbine to the impeller, providing a torque multiplication to the transmission.
The torque amplification factor is a function of the difference in speeds between the
impeller and the turbine, typically 2:1 at the start. As the vehicle speed increases
and torque multiplication is no longer needed, centrifugal force changes the direction
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FIGURE 8.6
Functional schematic diagrams of six C-V shaft couplings.

of fluid flow and the reaction force on the stator, forcing the stator to rotate freely.
Under this condition, the torque converter functions as a fluid coupling. On highway
cruising, the converter clutch mechanically locks up the impeller and turbine together
to further improve fuel economy.

Figure 8.8a shows a schematic diagram of the ratio change gear train where the
rotating and band clutches are designated as C; and B;, respectively. The input
shaft of the gear train is connected to the output shaft of the torque converter by a
chain-and-sprocket. The output ring gear, link 2, can be clutched either to the input
shaft by a rotating clutch, C,, or to the housing of the transmission by a band clutch,
B3. Similarly, the input sun gear, link 1, can be clutched either to the input shaft by
a rotating clutch, Cy, or to the housing by a band clutch, B>. The output sun gear,
link 4, can be clutched to the housing by a band clutch, B;. The input ring gear/output
carrier, which is permanently attached to the final reduction unit, is designated as the
output of the gear train.
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FIGURE 8.7
A 4-speed automatic transmission. (Courtesy of General Motors, Warren, M1.)

In a transmission, one-way clutches (OWC) are often used to smooth out the tran-
sient responses during the change of speed ratios. For brevity, one-way clutches are
not sketched in the diagram. Figures 8.9 through 8.11 show a typical rotating clutch,
band clutch, and one-way clutch, respectively.

The final reduction unit is connected to the output shaft of the gear train and
operates in reduction at all times. It is designed to better match the engine power to
vehicle performance requirements under various operating conditions. The inclusion
of a final reduction unit also permits the same transmission to be used in different
vehicles by changing the reduction ratio. The final reduction unit shown in Figure 8.7
is a planetary gear train. Other types of final reduction units, such as a simple gear
pair, have also been used.

The bevel-gear differential is a two-dof mechanism that provides a mechanical
means for one wheel to travel faster than the other when the vehicle is going around
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(b) Clutching sequence
FIGURE 8.8

Functional schematic and clutching sequence of an epicyclic gear transmission.

corners or curves. Recently, an increasing interest in the development of limited-slip
differentials has evolved.

The transmission shown in Figure 8.7 is called an epicyclic gear type transmission.
Figure 8.12 shows another automatic transmission that consists of three forward gear
pairs, 1-4, 2-5, and 3-6, mounted on two main shafts and a reverse gear pair, 7-9, with
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FIGURE 8.9
Typical rotating clutch. (Courtesy of General Motors, Warren, MI.)

an intermediate idler gear, 8. The two main shafts rotate in opposite directions when
the transmission is in the drive mode. For this reason, this type of transmission is
called a countershaft or layshaft transmission. In addition, a short shaft is added to
support the intermediate idler gear for the reverse drive. In Figure 8.12, C4 denotes
a dog clutch. The dog clutch is engaged either on the drive side (D) or on the reverse
side (R). Hence, it changes the engagement only from the drive mode to the reverse
mode and vice versa.

The main difference between countershaft and epicyclic gear type transmissions
is that the former employs two counter-rotating shafts, whereas the latter uses an
epicyclic gear train. Other types of automatic transmissions such as the continuous-
variable transmission and hydraulic transmission also exist. The countershaft type
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FIGURE 8.10
Typical band clutch. (Courtesy of General Motors, Warren, ML.)

has been used by the Honda and Saturn corporations. However, the most widely used
automotive automatic transmission mechanism is the epicyclic gear type. In what
follows, we concentrate our study on the epicyclic gear type transmission mechanisms.

8.4.1 Functional Requirements

In a transmission mechanism, the term speed ratio is defined as the ratio of the
input shaft speed to the output shaft speed of the gear train. Various speed ratios are
obtained by engaging and disengaging clutches. The speed ratios of an automotive
transmission are tailored for vehicle performance and fuel economy. It should provide
a vehicle with several forward speeds, typically including a first gear for starting, a
second and/or third gear for passing, an overdrive for fuel economy at road speeds,
and a reverse. A table showing a sequence of speed ratios and the corresponding
clutching conditions is called a clutching sequence. Figure 8.8b shows the clutching
sequence of the epicyclic gear transmission depicted in Figure 8.8a, where an X
indicates that the corresponding clutch is engaged. We note that during speed ratio
changes, only one clutch is engaged while another is simultaneously disengaged. We
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FIGURE 8.11
Typical one-way clutch. (Courtesy of General Motors, Warren, MI.)

call this kind of operation a single clutch-to-clutch shift. This is an important feature
for a transmission to shift smoothly from one speed to another. The direct drive (third
range) is obtained by simultaneously engaging two coaxial links of the gear train to
the input shaft.

Change of speed ratios should be kept sufficiently small to achieve smooth transi-
tion. On the other hand, the overall ratio range between the first and the last speed
should be as large as possible to better match the engine power to vehicle performance
and fuel economy requirements. The ratio of two speed ratios from one speed to the
next is called the step ratio. For the transmission shown in Figure 8.8, the step ratios
are: 1.86 (2.921/1.567) from the first to the second speed, 1.57 (1.567/1.00) from the
second to the third speed, and 1.42 (1.000/0.705) from the third to the fourth speed,
and the overall ratio range is 4.14 (2.921/0.705). Obviously, with a given number of
design parameters, there is a compromise between the choice of step ratios and the
overall ratio range.

From the above discussion, we summarize the functional requirements of an auto-
matic transmission mechanism as follows:

F1. The mechanism should be capable of providing several speed ratios, including
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FIGURE 8.12
Functional schematic and clutching sequence of a countershaft transmission.
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a reverse, by engaging different links to the power source and the housing of a
transmission mechanism.

F2. The overall speed ratio range should be sufficiently large to cover both high
and low load operations.

F3. The step ratios should be sufficiently small and follow a geometric progression;
that is, the speed ratio changes by an approximately constant percentage from
one speed to the next.

F4. A single clutch-to-clutch shift in speeds is preferred.

8.4.2 Structural Characteristics

From the structure synthesis point of view, the torque converter, clutch controller,
final reduction, and differential can be temporarily ignored. This simplifies the prob-
lem to the synthesis of an epicyclic gear train along with a set of properly arranged
clutching sequences.

An examination of existing transmission mechanisms reveals that when all clutches
are disengaged, most of the ratio-change mechanisms are fractionated epicyclic gear
mechanisms (EGMs). That is, they are made up of a one-dof epicyclic gear train with
its central axis supported by the housing of a transmission mechanism. The second
degree of freedom comes from a rotation of the entire gear set about its central axis.
Although there also exist fractionated three-dof EGMs, in what follows we will not
be concerned with such possibilities [16].

Further examination of the EGMs indicates that only coaxial links of an EGM are
used as the input shaft, output shaft, and reaction member. Thus, for a one-dof EGT
with n. coaxial links, the number of possible choices of the input, output, and reaction
member is equal to n.(n. — 1)(n, — 2). Adding a direct drive, which can always be
obtained by simultaneously clutching two coaxial links to the power source, yields a
total number of possible speed ratios of

m=n.n.—1)(n.—2)+1. (8.6)

If one of the coaxial links is permanently selected as the output link, the number of
possible speed ratios reduces to

m=m.—1)(n.—2)+1. 8.7)

Hence, for a transmission mechanism to provide n, desired speed ratios, including a
reverse gear, the number of coaxial links, ., should satisfy

me—1Dm:—2)+1>n,. (8.8)

We note that an EGM should not contain any redundant links. A link is considered
to be redundant if it is never used as an input, output, or reaction member, and the
removal of the link does not affect the mobility of the mechanism. Such a link will



198 AUTOMOTIVE MECHANISMS

never carry any power in any phase of operation. For example, Figure 8.13 shows
an EGT with a redundant link. If line a is the central axis, then link 3 is a revolving
planet that cannot physically serve as an input, output, or reaction member. It will
not carry any load but free spinning.

| 12T
L
-

: Redundant gear

|

I
|

T

(a) Functional schematic (b) Graph representation

FIGURE 8.13
An EGT with a redundant link.

From the above discussion, we summarize the structural characteristics of EGMs
as follows:

C1. An EGM is a fractionated two-DOF mechanism. Specifically, it is made up
of a one-dof EGT supported by the housing of a transmission mechanism on a
central axis. Therefore, an EGM should obey all the structural characteristics
described in Chapter 7.

C2. If n, is the number of desired speed ratios, the number of coaxial links, n.,
should satisfy Equation (8.8).

C3. There shall be no redundant links or partially locked subchains.

8.4.3 Enumeration of Epicyclic Gear Mechanisms

From the above discussion, we conclude that the design of a transmission gear train
can be naturally divided into four interrelated steps. First, a feasible one-dof EGT is
identified. Second, the EGT is integrated with the housing of a transmission to form a
fractionated two-dof EGM. Third, a set of clutching sequences is developed. Fourth,
the gears are sized to provide a set of desired speed ratios. The selection of an optimal
clutching sequence and the sizing of gears cannot be solved analytically. Some
engineers have formulated the problem as a constraint satisfaction problem [9, 11, 12].
Others use algorithmic techniques [6, 7]. In this section, we are primarily concerned
with the enumeration of feasible EGTs.
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We start the enumeration by searching for feasible one-dof EGTs. Assume that
the minimal number of speed ratios is three forward speeds and one reverse drive,
n, = 4. It follows from Equation (8.8) that there should be at least four coaxial
links, n. = 4, in the EGT. It becomes obvious that none of the three- and four-link
EGTs developed in Chapter 7 satisfies this condition. Examining the labeled graphs
listed in Appendix F, we obtain one 5-vertex and six 6-vertex labeled graphs of EGTs.
These seven labeled graphs and their corresponding gear trains are sketched, up to
mechanism pseudoisomorphism, in Figures 8.14 and 8.15, where the common joint
axis of the coaxial links is labeled as “a—a.” For simplicity, only one-half of the gear
trains are sketched. Furthermore, a graph having one circuit formed exclusively by
geared edges is included. We note that there are six additional six-link chains having
four coaxial links. However, they all contain a redundant link and, therefore, are
excluded from the list.

A survey of the literature reveals that all known epicyclic transmission gear trains
with six or fewer links are developed from the labeled graphs given in Figures 8.14
and 8.15 [16]. For example, the gear set illustrated in Figure 8.8 corresponds to the
6206 graph shown in Figure 8.14. This mechanism was incorporated in the General
Motors Corporation’s THM-4T60 and THM-700-R4 transmissions, and Ford Motor
Company’s Axod 4-speed transmission. Two other commonly used gear trains are
the Simpson and Ravigneaux gear sets as shown in Figures 8.16 and 8.17. The
Simpson gear set is, perhaps, the most popular transmission gear set. It has been
developed by nearly all automotive manufacturers as three- and four-speed automatic
transmissions. The Ravigneaux gear set was developed by Borg Warner, Mitsubishi
Corporation, and others.

8.5 Canonical Graph Representation of EGMs

An EGM typically consists of several coaxial links supported by the housing on a
common joint axis. Furthermore, only these coaxial links are utilized as the input,
output, or reaction member. Such an EGM may have numerous pseudoisomorphic
mechanisms. This creates the need for a unique graph representation called the canon-
ical graph. In a canonical graph representation, the vertex representing the housing of
a transmission mechanism is denoted as the root. Recall that those joints connecting
the coaxial links of a mechanism can be rearranged in several different ways without
affecting the function of the mechanism. Among various arrangements of the coaxial
joints, a unique configuration exists in which all the thin-edged paths emanating from
the root and terminating at any other vertices have distinct edge levels. Such a unique
graph representation is called the canonical graph representation [15]. For example,
Figure 8.18 illustrates the conventional and canonical graph representations of the
Simpson gear set shown in Figure 8.16.
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ID No. Graph Schematic

6206

FIGURE 8.14
Feasible transmission gear trains having five and six links — part 1.

Using canonical representation, the similarities and differences among various
transmission mechanisms can be clearly distinguished. In particular, the vertices of
a canonical graph can be divided into several levels. The housing of a transmission
is denoted as the ground level vertex. A vertex that is connected directly to the root
by one thin edge is called the first level vertex. A vertex that is connected to the root
by two thin edges is called the second level vertex, and so on. Each vertex at any
particular level is connected to the preceding vertex by precisely one thin edge. All
thin edges of the same label are incident to a common lower level vertex. The first
level vertices represent those coaxial sun gears, ring gears, or carriers, whereas the
second level vertices represent planet gears [1].
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ID No. Graph Schematic
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FIGURE 8.15
Feasible transmission gear trains having five and six links — part 2.

EGMs with their links distributed higher than the second level may contain one or
more floating carriers. These kinds of EGMs are not practical from the mechanical
complexity point of view. In the following, we limit ourselves to those EGMs having
their vertices distributed only up to the second level.

8.5.1 Structural Characteristics of Canonical Graphs

Obviously, the canonical graph of an EGM should obey all the structural charac-
teristics, C1 through C3, outlined in the preceding section. In addition, it should also
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FIGURE 8.16

Simpson gear set and its clutching sequence (graph 6506).

possess the following characteristics:

C4. The first level vertices are connected to the root by thin edges of the same label.
No geared edges can be incident to the root.

C5. All thin edges of the same label are incident to a common lower level vertex.
Those second level vertices that are connected to a common first level vertex by
thin edges of the same label form a family. By definition, vertices of different
families are connected to lower level vertices by thin edges of different labels.

C6. All second level vertices must have at least two geared edges and one turning
pair edge incident to it. This prevents formation of a redundant link.
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Ravigneaux gear set and its clutching sequence (graph 6401).

C7. A geared edge can have one of the following pairs of vertices as its end point:

e Two second level vertices that are connected to a first level vertex by thin
edges of different labels.

e One first level vertex and one second level vertex that are not adjacent to
one another.
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FIGURE 8.18
Graph and canonical graph representation of Simpson gear set.

C8. Although EGMs are fractionated two-dof mechanisms, their canonical graphs
contain no articulation points.

8.5.2 [Enumeration of Canonical Graphs

Canonical graph representation of EGMs dictates some specific arrangement of
the vertices. It also requires the thin edges to be labeled in a particular way that
prohibits the generation of pseudoisomorphic graphs. Using the above structural
characteristics, an efficient hierarchical algorithm has been developed for enumeration
of EGMs [1]. The process is divided into two phases. In the first phase, trees that
are suitable for creation of canonical graphs are enumerated. In the second phase,
geared edges are added to the trees to form canonical graphs. Each of the two phases
is comprised of a few key steps as follows.

Enumeration of Trees

Given the number of links, 7 (including the base link), the structural characteristics
Cl1, C2, C4, and CS5 are used to formulate an algorithm for enumeration of feasible
trees.

S1. Determine the minimum number of coaxial links, n., by Equation (8.8). This
is the minimum number of vertices that a tree should have at the first level.

S2. Distribute the remaining n —n. — 1 vertices into the first and second levels in as
many combinations as possible. Various distributions of a number of vertices
in two levels are given in Table 8.1. We call each distribution a fype. Since
there are already n. vertices preassigned to the first level from the preceding
step, the total number of first level vertices is equal to that given in Table 8.1
plus n..
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Table 8.1 Distribution of Vertices into Two

Levels.
No. of Vertices Type Level 1 Level 2
2 1 0 2
2 1 1
3 1 0 3
2 1 2
3 2 1
4 1 0 4
2 1 3
3 2 2
4 3 1

S3. Connect all the first level vertices to the root by thin edges of the same label.

S4. Partition the second level vertices into as many parts as possible. Various
partitions of an integer into parts are given in Table 8.2. We call each partition
a kind, and each part of a partition a family.

Table 8.2 Partition of Second Level Vertices into Parts.
Partition of Kind Family 1 Family2 Family3 Family 4

2 1 2 0 0 0
2 1 1 0 0
3 1 3 0 0 0
2 2 1 0 0
3 1 1 1 0
4 1 4 0 0 0
2 3 1 0 0
3 2 2 0 0
4 2 1 1 0
5 1 1 1 1

S5. Connect the second level vertices to the first level vertices. According to C5,
all members of the same family are connected to a common first level vertex
by thin edges of the same label. We add one family at a time, starting from the
family with the largest number of members.

Note that in S5, if a family of vertices is to be connected to a first level vertex in
all possible ways, a number of isomorphic graphs would be generated. To reduce the
number of isomorphic graphs, the concept of similar vertices can be employed. All
first level vertices are similar before they are connected by one or more second level
vertices. When a vertex is to be connected to a first level vertex, choose only one
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out of all similar vertices. A large number of isomorphic graphs can be avoided by
applying this simple rule of thumb.

Example 8.1 In this example, we enumerate all feasible trees of canonical graphs
that are suitable for the creation of 7-link, 4-speed automatic EGMs.

S1. There are seven links, n = 7 (including the housing). Substituting n, = 5 into
Equation (8.8), we obtain n, = 4 as the minimum number of coaxial links.

S2. Referring to Table 8.1, the remaining two vertices can both be located at the sec-
ond level, or one at the first level and the other at the second level. Figure 8.19a
and b provide graphical representations of the two types of distribution. The
total number of vertices in each level is given in Table 8.3.

Table 8.3 Partition of Six Vertices into Two Levels.

Classification Level 1 Level 2
Type 1 4 2
Type 2 5 1

S3. Connect the first level vertices to the root by thin edges of the same level, a, as
shown in Figure 8.19a and b.

S4. Referring to Table 8.2, the two second level vertices of the first type can be
further partitioned into two kinds. The first kind contains a family of two
vertices, whereas the second kind contains two families (one vertex per family).
The second type contains only one vertex and no further division is necessary.

S5. For the first kind of the first type, there is only one family and both vertices
must be connected to one of the four first level vertices with the same edge
label as shown in Figure 8.19c. For the second kind of the first type, there are
two families and they can be connected to one or two first level vertices by
thin edges of different labels. Since the four first level vertices are similar, we
obtain two nonisomorphic trees as shown in Figure 8.19d and e. For the second
type, there is only one second level vertex and it can be connected to any one
of the first level vertices as shown in Figure 8.19f.

The above procedure can be implemented on a computer using the adjacency matrix
and a nested-do loops algorithm. For the above example, the corresponding matrix
representations are shown in Figure 8.20. The matrix can be divided into nine sub-
matrices. Since the root does not connect to itself, the element of the I-I submatrix is
set to zero. Since the first level vertices are connected to the root by thin edges of the
same label and not among themselves, all elements of the I-II and II-I submatrices
are given by the same edge label “a,” whereas all elements of the II-II submatrix are
set to zero. All elements of the I-III and III-I submatrices are also set to zero because
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(b) Type 2 distribution

(c) First kind (d) Second kind - 1 (e) Second kind - 2 (f) First kind

FIGURE 8.19
Enumeration of trees of seven vertices.

the second level vertices cannot be connected directly to the root. Hence, we only
need to work on the elements of II-III (and III-IT) and III-III submatrices.

Addition of Geared Edges

We now apply structural characteristics C3, C6, and C7 for the addition of geared
edges.

S6. We first connect two second level vertices of different families by a geared
edge. This means that the III-IIT submatrix of the adjacency matrix shown in
Figure 8.20 is under consideration. There are two provisions, one of adding
some geared edges and the other of not adding any.

S7. Next we connect one second level vertex to one first level vertex by a geared
edge. That is, the II-III (and III-IT) submatrix of the adjacency matrix shown in
Figure 8.20 is under consideration. While adding geared edges, make sure that
every second level vertex is incident by at least two geared edges. The total
number of geared edges to be added is equal to n — 3 where 7 is the number of
links, including the housing.

S8. For every canonical graph generated, check for the existence of locked sub-
chains, redundant links, and possible graph isomorphisms.
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Root First  Second Root  First  Second
level level level level
| ] 1l | 1] 1
Root | [0 aaaa 00] Root | |0 aaaaa 0]
. a 0000 xx a 00000 x
First 1 |a 0000 xx Fist |, |a 00000 x
level a 0000 xx level a 00000 x
a 0000 xx a 00000 x
Second Second a 00000 x
level Il 0 xxxx 0x level 1
| 0 xxxx x0 | |0 xxxx x 0
(a) Type 1 distribution (b) Type 2 distribution
—o aaaa oo_ [0 aaaa 00] [0 aaaa 00] [0 aaaaa 0]
a 0000 bb a 0000 bec a 0000 bx a 00000 b
a 0000 xx a 0000 xx a 0000 xc a 00000 x
a 0000 xx a 0000 xx a 0000 xx a 00000 x
a 0000 xx a 0000 xx a 0000 xx a 00000 x
a 00000 x
0 bxxx 0x 0 bxxx 0x 0 bxxx 0Xx
|0 bxxx x0 | _0 C XXX XO_J _Ox X X xO_ _0 b xxx x Od
(c) First kind (d) Second kind - 1 (e) Second kind - 2 (f) First kind
FIGURE 8.20

Matrix representation of trees of seven vertices.

Example 8.2 In this example, we enumerate the canonical graphs of seven-link 4-
speed automatic transmission mechanisms by adding four geared edges to the tree
shown in Figure 8.19d to illustrate the principle.

Referring to Figure 8.21a, there are two second level vertices. Since these two
vertices do not belong to the same family, there are two possible cases:

Case (1): One geared edge connects the two second level vertices to each
other. There are three more geared edges to be added. To avoid the creation of
articulation points, each of the three first level vertices, vertices 2, 3, and 4, must
be incident by one and exactly one geared edge. Hence, there are four different
ways of distributing the three geared edges to the two second level vertices:
B+0),2+1),(1+2), and (0+ 3), where the first number in the parentheses
represents the number of geared edges incident to vertex 5, and the second
number denotes the number of geared edges incident to vertex 6. The (3 + 0)
and (0 + 3) distributions are not feasible because both distributions leave one
of the second level vertices with only one incident geared edge. Furthermore,
the (1 + 2) and (2 + 1) distributions result in two isomorphic graphs. Hence,
we obtain only one nonisomorphic canonical graph as shown in Figure 8.21b.
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Case (2): The two second level vertices are not connected to each other by a
geared edge. All four geared edges will be used to connect the two second
level vertices to the three first level vertices 2, 3, and 4. To avoid the creation of
articulation points, two of the three first level vertices should be connected by
one geared edge, whereas the third should be connected by two geared edges.
Since vertices 2, 3 and 4 are similar, this leads to only one nonisomorphic
distribution of the four geared edges to the three first level vertices. Further-
more, there are five different ways of distributing the four geared edges to the
second level vertices: (4 +0), 3+ 1), 2+ 2), (1 + 3), and (0 + 4). The
4+40), 3+ 1), (1+3), and (04 3) distributions are not feasible because they
all leave one of the second level vertices with less than two incident geared
edges. As a result, we obtain one labeled nonisomorphic canonical graph as
shown in Figure 8.21c.

Note that the two canonical graphs shown in Figure 8.21b and ¢ do not contain
locked subchain or redundant links. Furthermore, they are not isomorphic. The
corresponding matrix representations derived by replacing four “x” with “g”

9

and the remaining “x” with “0” are shown in Figure 8.22.

Using canonical graph representation, Chatterjee and Tsai [1] developed an atlas
of canonical graphs of EGMs with up to ten links. The number of solutions as a
function of the number of links are listed in Table 8.4. Figure 8.23 shows eight
labeled canonical graphs of EGMs with six and seven links. Readers should verify
that these canonical graphs can be obtained by adding a coaxial fixed link to the graphs
of EGTs shown in Figures 8.14 and 8.15. Figure 8.24 shows 20 labeled canonical
graphs of EGMs having eight links.

Table 8.4 Canonical Graphs of EGMs.
No. of Links  No. of Geared Edges No. of Solutions

6 3 1
7 4 7
8 5 20
9 6 128
10 7 620

8.5.3 Identification of Fundamental Circuits

In this section, we introduce an algebraic method for identification of fundamental
circuits in an EGM. The method utilizes the graph theory and some related matrices.
Specifically, Equation (2.33) will be applied for identification of fundamental circuits.

The Simpson gear set will be used as an example to demonstrate the principle.
The canonical graph G of the Simpson gear set and its spanning tree T are shown in
Figure 8.25. To facilitate the analysis, we have labeled the arcs of G from e to eg,
and the chords from e7 to e9. Obviously, the union of the arcs and chords constitutes
the edge set of G.
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(b) Canonical graph 1

FIGURE 8.21

Addition of geared edges to a tree.

By definition, the incidence matrix for the directed graph is given by

(a) Type 1, second kind - 1

SO OO O =~

eleNeNeN =2

SO~ OO o~

S OO~ OO~

IS

O = OO O =0

—_— O OO = OO

O = OO~ OO0

—_ O = OO OO0

—_— o O = OO0

O = O = OO0

0
(c) Canonical graph 2

AUTOMOTIVE MECHANISMS

(8.9)
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o

aaaa 00

JO I RV
[eNeNoNo
(e NeNoNe)
[eNeNoNo)
[eNeoNoNal
x
x

0 bxxx 0x
0 ¢ XXX xO_

(a) First kind of type 1 tree

[0 aaaa 00] (0 aaaa 00|
a 0000 bec a 0000 bec
a 0000 Og a 0000 Og
a 0000 Og a 0000 gg
a 0000 go a 0000 go
0O boOg 09 0 boOgg 00
_0 cggo gO_ _O cggo OO_
(b) Canonical graph 1 (c) Canonical graph 2
FIGURE 8.22

Matrix representations of canonical graphs.

The reduced incidence matrix associated with the arcs is

(8.10)

SO OO O~
SO OO~ O
SO = O OO
S oo~ OO
S = OO O =
—_ o OO = O
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FIGURE 8.23
Canonical graphs of six- and seven-link EGMs.

The reduced incidence matrix associated with the chords is

00 0 0
1 0 0 0

- 00 1 1

Be=| 051 o o 8.11)
1 0 0 1
01 10
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@

FIGURE 8.24
Canonical graphs of eight-link EGMs.

The path matrix, Equation (2.26), associated with the rooted tree shown in Fig-
ure 8.25b is

(8.12)

SO OO O =~
S o oo~ O
SO = OO O
el eNel ==
S —= OO O =
—_ O OO =0
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0: root

(a) Directed graph (b} Spanning tree

FIGURE 8.25
Labeled canonical graph and spanning tree of the Simpson gear set.

Substituting Equations (8.11) and (8.12) into Equation (2.28) yields

TB, = =1 (8.13)

SO oo O~
S o oo~ O
S oo = OO
SO = O OO
S —= OO OO
—_ o O O oo

as predicted by the theory.
Substituting Equations (8.11) and (8.12) into Equation (2.32) and the resulting
expression into Equation (2.33) yields

11001071000
01 10010T1O00

C=l0o 101010010 (8.14)
1 00110000 1

From Equation (8.14), we observe that there are four fundamental circuits. Circuit 1
consists of edges e, ez, es, and e7; circuit 2 consists of edges e3, e3, ¢, and eg; circuit
3 consists of edges ez, e4, €6, and eg; and circuit 4 consists of edges ey, e4, es, and
e]().

8.5.4 Detection of Transfer Vertices

The transfer vertices in the canonical graph of an EGM can be easily detected.
The transfer vertex associated with a gear pair is found by scanning the row of the
adjacency matrix corresponding to the higher-level vertex of the gear pair. The column

[P

number, where the first nonzero element that is not a “g” occurs, is the link number of
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the transfer vertex. If both vertices of the gear pair are located at the same level, then
scan across either row of the two vertices. Note that since the links are numbered
from zero, the row number in the adjacency matrix is greater than the link number by
one.

In the following, we use the Simpson gear set as an example to illustrate the concept.
Referring to the canonical graph shown in Figure 8.18b, the link-to-link adjacency
matrix is given below.

0 1 1 1 1 0 0
1 0 0 0 0 b 0
1 0 0 0 0 g c
A=| 0 0 0 0 g g (8.13)
1 0 0 0 0 0 g
0O : b g g 0 : 0 0
. 0 S0 c g g S0 0 |

From Equation (8.14), we observe that circuit 1 consists of edges ey, e, es, and e7
in which e7 is a geared edge. Scanning down the 8th column of the incidence matrix,
Equation (8.9), we find that e7 connects vertices 2 and 5. Since vertex S is located
at a higher level, we next scan across the 6th row of the adjacency matrix to find the
transfer vertex. From Equation (8.15), we observe that the (6, 2) element is nonzero.
Hence, link 1 is the transfer vertex. Similarly the transfer vertices of circuits 2, 3,
and 4 are found to be vertices 2, 2, and 1, respectively.

8.6 Atlas of Epicyclic Gear Transmission Mechanisms

Appendix G provides an atlas of some commonly used epicyclic gear transmission
mechanisms. It should be noted that several clutching sequences can be developed
from a given gear set. A computer-aided methodology for the enumeration of clutch-
ing sequences can be found in [6]. It should also be noted that transmission mecha-
nisms of higher complexity can be formed by connecting two planetary gear trains by
clutches instead of spline shafts. Several transmission gear trains of this type, such as
Figures G.10 and G.11 are included in Appendix G to illustrate the concept. See [16]
and [5] for more examples.

Finally, we point out an entirely different type of transmission mechanism as shown
in Figure 8.26. The mechanism consists of two counter-rotating shafts and an inter-
mediate reverse shaft on which several compound gear pairs, rotating clutches, and
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synchronizers are mounted. Unlike the conventional countershaft transmission, this
type of transmission allows power to circulate back and forth between the two counter
shafts. As a result, many speed ratios can be obtained by just a few gear pairs and
control clutches.

Cs C2 Cq

1

3 L LT,

[ B =M
L__/; T il

LINNE

|
5

6l | _J 4 Output

(N 1 by shaft
b ~ : ,__I —
R ! 4“" 0: Housing

1 ’ 1 81 SQ - 1

T
SN 7]

c Reverse
RSN LI—:—L _l_ RS shaft

(a) Schematic diagram

Range Activated clutches
Cq Co Ca Sq So R
First X X
Second X X
Third X
Fourth X
Fifth X X
Reverse | X X
(b) Clutching sequence
FIGURE 8.26

Polak’s transmission mechanism.
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8.7 Summary

In this chapter, we have shown that by using the design methodology outlined in
Chapter 1, the kinematic structures of mechanism can be enumerated in a system-
atic and essentially unbiased manner. The usefulness of the method is demonstrated
with the enumeration of variable-stroke engine mechanisms, constant-velocity shaft
couplings, and automatic transmission mechanisms. It is hoped that the methodol-
ogy and the atlas developed in this chapter will be useful for practicing engineers.
Furthermore, a simple procedure for identification of fundamental circuits and the
corresponding transfer vertices of epicyclic gear trains was described. An atlas of
commonly used epicyclic transmission gear trains is provided in Appendix G.
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Exercises

8.1

8.2

8.3

8.4

8.5

8.6

8.7

Enumerate all the feasible eight-link variable-stroke engine mechanisms with
only one prismatic joint and ground-connected control pivot.

Study the structural characteristics of an automobile suspension mechanism,
and enumerate feasible alternative suspension mechanisms.

Study the structural characteristics of an airplane landing wheel mechanism,
and enumerate feasible mechanisms of the same type.

Study the structural characteristics associated with wobble-plate axial mech-
anisms and enumerate feasible variable-stroke axial-piston reciprocating ma-
chines using this type of construction. (Hint: See [4].)

Study the structural characteristics associated with variable-valve-timing mech-
anisms, and enumerate potential new mechanisms. (Hint: an ideal variable-
valve-timing mechanism should have the capability of changing the valve lift
and the valve opening duration with respect to the engine crankshaft angle.)

Sketch a transmission mechanism by incorporating two sun and two ring gears
into the graph shown in Figure 8.24i.

Sketch a transmission mechanism by incorporating two sun and one ring gears
into the graph shown in Figure 8.24m. How many potentially feasible clutching
sequences can we obtain from this mechanism?
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Chapter 9

Robotic Mechanisms

9.1 Introduction

During the last few decades, robot manipulators have been used primarily for repet-
itive operations and in hazardous environments. Typical applications include parts
loading and unloading, radioactive material handling, space and undersea exploration,
spot welding, spray painting, sealant application, and some simple component assem-
bly. Recently, there is an increasing interest in making robots more intelligent and
more user friendly. Thus, medical-surgery robots, household service robots, micro-
robots, and others are becoming available. Although much effort has been spent on
the development of robot manipulators, the ultimate goal of developing user-friendly,
intelligent robots that can emulate human functions is still in its infancy. Major obsta-
cles are some of the key technologies have not been fully developed. In this chapter,
structural characteristics and structural enumeration of some robotic mechanisms are
presented.

9.2 Parallel Manipulators

The development of parallel manipulators can be dated back to the early 1960s
when Gough and Whitehall [6] first devised a six-linear jack system for use as a
universal tire testing machine. Later, Stewart [17] developed a platform manipulator
for use as a flight simulator. Since 1980, there has been an increasing interest in the
development of parallel manipulators. Potential applications of parallel manipulators
include mining machines [3], pointing devices [5], and walking machines [26].

Although parallel manipulators have been studied extensively, most of the studies
have concentrated on the Stewart-Gough manipulator. The Stewart-Gough manipula-
tor, however, has a relatively small workspace and its direct kinematics are extremely
difficult to solve. Hence, it may be advantageous to explore other types of parallel
manipulators with the aim of reducing the mechanical complexity and simplifying

221
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the kinematics and dynamics [10, 14, 16, 25]. A structural classification of parallel
manipulators has been made by Hunt [§].

In this section, parallel manipulators are classified into planar, spherical, and spa-
tial mechanisms. The kinematic structures of parallel manipulators are enumerated
according to their degrees of freedom and connectivity listing [22].

9.2.1 Functional Requirements

As shown in Figure 9.1, a parallel manipulator typically consists of a moving plat-
form that is connected to a fixed base by several limbs. The number of limbs is
preferably equal to the number of degrees of freedom of the moving platform such
that each limb is controlled by one actuator and all actuators can be mounted on or
near the fixed base. As a result of this structural arrangement, parallel manipula-
tors possess the advantages of low inertia, high stiffness, and large payload capacity.
These advantages continue to motivate the development of parallel kinematic ma-
chines, such as Ingersoll’s milling machine shown in Figure 9.2 [2], Giddings and
Lewis’s machining center shown in Figure 1.7, Toyoda’s milling machine shown in
Figure 9.3 [13], and the Hexaglide and Triaglide [7].

From the above discussion, we summarize the functional requirements of parallel
manipulators as follows:

F1. The mechanism possesses multiple degrees of freedom. The number of degrees
of freedom required depends on the intended application.

F2. The manipulator consists of a moving platform that is connected to a fixed base
by several limbs; that is, it possesses a parallel kinematic architecture.

F3. The number of limbs is preferably equal to the number of degrees of freedom
such that each limb is controlled by one actuator, and external loads on the
moving platform are shared by all actuators.

F4. The actuators are preferably mounted on or near the fixed base.

9.2.2 Structural Characteristics

We now translate as many functional requirements into structural characteristics as
possible. Obviously, the manipulator should satisfy the general structural character-
istics of a mechanism. For example, the number of degrees of freedom is governed
by Equation (4.3); the number of independent loops, number of links, and number
of joints are related by Euler’s equation, Equation (4.5); and the loop mobility cri-
terion is given by Equation (4.7). In addition, the following manipulator-specific
characteristics should also be satisfied.

We assume that each limb is made up of an open-loop chain and the number of
limbs, m, is equal to the number of degrees of freedom of the moving platform. It
follows that

m=F=L+1. ©.1)
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Moving

¢ . B4 S-joint
- platform ‘

P-joint
Fixed base

FIGURE 9.1
A typical parallel manipulator.

Let the connectivity of a limb, Cy, be defined as the number of degrees of freedom
associated with all the joints, including the terminal joints, in that limb. Then,

m J
Z Cy = Z fi. 9.2)
k=1 i=1

Substituting Equation (9.2) into Equation (4.7) and making use of Equation (9.1), we
obtain

Y G=0+DF —i. 9.3)
k=1

To ensure proper mobility and controllability of the moving platform, the connectivity
of each limb should not be greater than the motion parameter or be less than the number
of degrees of freedom of the moving platform; that is,

A>Cy>F. 94
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FIGURE 9.2
Hexapod. (Courtesy of NIST, Gaithersburg, MD, photographed by K.K. Simon.)

Equations (4.3), (9.1), (9.3), and (9.4) completely characterize the structural topology
of parallel manipulators.

As mentioned in Chapter 1, the systematic design methodology consists of two
engines: a generator and an evaluator. By incorporating Equations (9.1), (9.3),
and (9.4) in the generator, functional requirements F1, F2, and F3 are automatically
satisfied. Functional requirement F4 implies that there should be a base-connected
revolute or prismatic joint in each limb, or a prismatic joint that is immediately
adjacent to a base-connected joint. This condition and other requirements, if any,
are more suitable for use as evaluation criteria. In what follows, we enumerate the
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TOYODA
Hesz=mM

i

FIGURE 9.3
Hexam. (Courtesy of Toyoda Machine Works Ltd., Aichi-Pref., Japan.)

kinematic structures of parallel manipulators according to their nature of motion and
degrees of freedom.

9.2.3 Enumeration of Planar Parallel Manipulators

For planar manipulators, A = 3. Furthermore, we assume that revolute and pris-
matic joints are the desired joint types. All revolute joint axes must be perpendicular
to the plane of motion and prismatic joint axes must lie on the plane of motion.

Planar Two-dof Manipulators

For two-dof manipulators, Equation (9.1) yields m = 2 and L = 1, whereas
Equation (9.3) reduces to 21321 Cy = 5. Thus, planar two-dof manipulators are
single-loop mechanisms. The number of degrees of freedom associated with all the
joints is equal to five. Furthermore, Equation (9.4) states that the connectivity in each
limb is limited to no more than three and no less than two. Hence, one of the limbs
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is a single-link and the other is a two-link chain. These two limbs, together with the
end-effector and the base link, form a planar five-bar linkage.

A simple combinatorial analysis yields the following possible planar five-bar
chains: RRRRR, RRRRP, RRRPP, and RRPRP. Any of the five links can be cho-
sen as the fixed link. Once the fixed link is chosen, either of the two links that
is not adjacent to the fixed link can be chosen as the end-effector. For example,
Figure 9.4 shows a planar RR—RRR parallel manipulator with links 1 and 2 serv-
ing as the input links and link 4 as the output link. Figure 9.5 shows a planar
RR-RPR parallel manipulator.

FIGURE 9.4
Planar RR-RRR manipulator.

Planar Three-dof Manipulators

For planar three-dof parallel manipulators, Equation (9.1) yieldsm = 3and L = 2.
Substituting A = 3 and F = 3 into Equation (9.3), we obtain

3
ch=(3+1)F—3=9. 9.5)
k=1

Furthermore, Equation (9.4) reduces to

3>Cr,>3. 9.6)
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FIGURE 9.5
Planar RR—-RPR manipulator.

Hence, the connectivity of each limb should be equal to three; that is, each limb
has three degrees of freedom in its joints. Using revolute and prismatic joints as the
allowable kinematic pairs, we obtain seven possible limb configurations: RRR, RRP,
RPR, PRR, RPP, PRP, and PPR, where the first symbol denotes a base-connected joint
and the last symbol represents a platform-connected joint. The PPP combination is
rejected due to the fact that it cannot provide rotational degrees of freedom of the
end-effector. Theoretically, any of the above configurations can be used as a limb.
Hence, there are potentially 73 = 343 possible planar three-dof parallel manipulators.
However, if we limit ourselves to those manipulators with identical limb structures,
then the number of feasible solutions reduces to seven.

For example, a planar three-dof parallel manipulator using the RRR limb configu-
ration has already been shown in Figure 6.9. Figure 9.6 shows another manipulator
using the RPR limb configuration [12].

9.2.4 Enumeration of Spherical Parallel Manipulators

The motion parameter for spherical mechanisms is also equal to three, A = 3.
Hence, the connectivity requirement for spherical parallel manipulators is identical
to that of planar parallel manipulators. However, the revolute joint is the only permis-
sible joint type for construction of spherical linkages. In addition, all the joint axes
must intersect at a common point, called the spherical center. In this regard, geared
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Moving platform

B2 R-joint

A1 A2 R-joint
Fixed base

FIGURE 9.6
Planar 3-RPR parallel manipulator.

spherical mechanisms are not included. Therefore, the only feasible two-dof spherical
manipulator is the five-bar RR—RRR manipulator. Similarly, the only feasible three-
dof spherical manipulator is the 3-RRR manipulator as shown in Figure 6.14. Several
articles related to kinematic analysis, dimensional synthesis, and design optimization
of spherical parallel manipulators can be found in [4, 5, 9, 27].

9.2.5 Enumeration of Spatial Parallel Manipulators

For spatial manipulators, A = 6. Thus, Equations (9.3) and (9.4) reduce to

m
ch —7F —6, 9.7)
k

6>Cy>F. 9.8)

Solving Equation (9.7) for positive integers of Cy in terms of the number of degrees
of freedom, subject to the constraint imposed by Equation (9.8), we obtain all feasible
limb connectivity listings as shown in Table 9.1. Each connectivity listing given in
Table 9.1 represents a family of parallel manipulators for which the number of limbs
is equal to the number of degrees of freedom of the manipulator, and the total number
of joint degrees of freedom in each limb is equal to the value of Cy.

The number of links (and joints) to be incorporated in each limb can be any number,
as long as the total number of degrees of freedom in the joints is equal to the required
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Table 9.1 Classification of Spatial Parallel Manipulators.

Number of Total Joint Limb
Degrees of Freedom Degrees of Freedom Connectivity Listing
F szl Ci,Co,...,Cpy
2 8 4,4
53
6,2
3 15 55,5
6,5,4
6,6,3
4 22 6,6,5,5
6,6,6,4
5 29 6,6,6,6,5
6 36 6,6,6,6,6,6

connectivity, Cx. The maximum number of links occurs when all the joints are one-
dof joints. In practice, however, the number of links incorporated in a limb should be
kept to a minimum. This necessitates the use of spherical and universal joints. In what
follows, we enumerate three- and six-dof manipulators to illustrate the methodology.

Three-dof Translational Platforms

We first enumerate three-dof parallel manipulators with pure translational motion
characteristics. To reduce the search domain, we limit our search to those manipula-
tors having three identical limb structures. In this way, the (5, 5, 5) connectivity listing
becomes the only feasible limb configuration. Hence, the joint degrees of freedom
associated with each limb is equal to five. Furthermore, we assume that revolute (R),
prismatic (P), universal (U), and spherical (S) joints are the applicable joint types.
A simple combinatorial analysis yields four types of limb configurations as listed in
Table 9.2.

Table 9.2 Feasible Limb Configurations for Three-dof Manipulators.
Type Limb Configuration

120 PUU,UPU,RUU

201  RRS,RSR,RPS,PRS,RSP,PSR,SPR,PPS, PSP,SPP

310 RRRU,RRPU,RPRU,PRRU,RPPU, PRPU, PPRU,
RRUR,RRUP,RPUR, PRUR,RPUP,PRUP, PPUR,
RURR,RURP,RUPR, PURR,RUPP, PURP, PUPR,
UPRR,UPRP,UPPR

500 RRRRR,RRRRP,RRRPR,RRPRR,RPRRR, PRRRR,
RRRPP,RRPPR,RPPRR, PPRRR, PRPRR, PRRPR,
PRRRP,RPRPR,RPRRP,RRPRP
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For each type of limb configuration listed in Table 9.2, the first digit denotes the
number of one-dof joints, the second represents the number of two-dof joints, and the
third indicates the number of three-dof joints. For example, type 201 limb has two
one-dof, zero two-dof, and one three-dof joints, whereas type 120 limb consists of
one one-dof, two two-dof, and zero three-dof joints. The joint symbols listed, from
left to right, correspond to a base-connected joint, one or more intermediate joints,
and lastly a platform-connected joint. Since it is preferable to have a base-connected
revolute or prismatic joint, or an intermediate prismatic joint for actuation purposes,
SRR, SRP, URU, UUR, UUP, URRR, URRP, URPR, and URPP configurations are
excluded from the solution list.

Next, we consider a condition that leads to translational motion of the moving
platform. Theoretically, each limb should provide one rotational constraint to the
moving platform to completely immobilize the rotational degrees of freedom. Fur-
thermore, the constraints imposed by the three limbs should be independent of one
another. Since the spherical joint cannot provide any constraint on the rotation of a
rigid body, the entire type-201 configurations are excluded from further considera-
tion. Considering a universal joint as two intersecting revolute joints, the remaining
limb configurations contain three to five revolute joints. Let these revolute joints
be arranged such that their joint axes are parallel to a plane. Then instantaneous
rotation of the moving platform about an axis perpendicular to the common plane is
not possible. For example, Figure 9.7 shows four limb arrangements that satisfy this
condition.

Figures 9.8, 9.9, and 9.10 show the schematic diagrams of three parallel manipu-
lators that are constructed by using the 3-UPU, 3-PUU, and 3-RUU limb configura-
tions, respectively. The kinematics of the 3-UPU manipulator was studied in detail by
Tsai [21]. The 3-RUU manipulator was evolved into a mechanism with two additional
short links and a planar parallelogram in each limb as shown in Figure 9.11 [16].

Six-dof Parallel Manipulators

In this section, we briefly discuss the enumeration of six-dof parallel manipulators.
To simplify the problem, we limit ourselves to those manipulators with six identical
limb structures. Furthermore, we assume that each limb consists of two links and
three joints.

Referring to Table 9.1, we observe that the (6, 6, 6, 6, 6, 6) connectivity listing
is the only solution. Thus, the degrees of freedom associated with all the joints of
a limb should be equal to six. Since there are two links and three joints, the only
possible solution is the type 111 limb, which means that each limb consists of one
one-dof, one two-dof, and one three-dof joints. Let revolute, prismatic, universal,
and spherical joints be the applicable joint types. Six feasible limb configurations
exist: RUS, RSU, PUS, PSU, SPU, and UPS as shown in Figure 9.12. Configurations
SRU, SUR, URS, USR, SUP, and USP are excluded because they do not contain a
base-connected revolute or prismatic joint, or an intermediate prismatic joint.

Note that the universal joints shown in Figure 9.12 can be replaced by a spherical
joint. This results in a passive degree of freedom, allowing the intermediate link(s)
to spin freely about a line passing through the centers of the two spheres. Thus, RSS,
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FIGURE 9.7

Feasible limb configurations for translational platforms.

PSS, and SPS are also feasible limb configurations. Furthermore, if a cylindric joint
is allowed, then UCU and SCS limbs with the cylindric joint axes passing through
the centers of the universal and spherical joints, respectively, are also feasible con-
figurations. The SCS limb configuration possesses two passive degrees of freedom.
Figure 9.13 shows these five additional six-dof limbs.

9.3 Robotic Wrist Mechanisms

A robot manipulator requires at least six degrees of freedom to manipulate an object
freely in space. As shown in Figure 9.14, a serial manipulator typically utilizes its first
three degrees of freedom for manipulating the position, and the last three degrees of
freedom for changing the orientation of its end-effector. For this reason, the first three
links are called the major links or arm, and the last three links the minor links or wrist.
Furthermore, the last three joint axes often intersect at a point called the wrist center.
This section introduces some frequently used robotic wrist mechanisms, investigates
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FIGURE 9.8
Spatial 3-UPU translational platform.
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FIGURE 9.9
Spatial 3-PUU translational platform.
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B3 U-joint

C4

Cs U-joint
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FIGURE 9.10
Spatial 3-RUU translational platform.

FIGURE 9.11
Prototype translational platform.
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FIGURE 9.12

Six limb configurations.

their structural characteristics, and then presents a methodology for enumeration of
a class of such mechanisms.

9.3.1 Functional Requirements

Since the wrist mechanism is located at the distal end of a serial manipulator, it
should be compact, light weight, and dextrous. To achieve these goals, gear trains,
belts-and-pulley drives, and other mechanical transmissions are often used to permit
actuators to be installed away from the wrist center. This section is concerned with
the enumeration of wrist mechanisms using gear trains as the power transmission
mechanism.

The schematic diagram of a wrist mechanism developed by Bendix Corporation
is shown Figure 9.15a [1]. Three coaxial members, links 2, 5, and 6, serve as the
inputs to the mechanism. Bevel gear pairs 5-7, 7-4, 68, and 8—4 transmit rotations
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Five alternative limb configurations.

of the input links to the end-effector, link 4, which is housed in the carrier, link 3.
The three joint axes, z1, z2, and z3, intersect at the wrist center O. Including the base
link, the mechanism consists of eight links, seven turning pairs, and four gear pairs.
The conventional graph representation of the mechanism is shown in Figure 9.15b.
Applying the vertex selection technique, the graph can be reconfigured into one with
a bridge and one articulation point as shown in Figure 9.15c. Hence, the mechanism
is a fractionated, three-dof spherical wrist mechanism.

Figure 9.16a shows the schematic diagram of another wrist mechanism developed
by Cincinnati Milacron [15]. The conventional and canonical graph representations
of the mechanism are shown in Figures 9.16b and c¢. The mechanism consists of seven
links, six turning pairs, and three bevel gear pairs. Bevel gear pairs 5-3, 67, and
7—-4 transmit rotations of the three coaxial input links 2, 5, and 6 to the end-effector,
link 4. The three joint axes, 71, z2, and z3, intersect at the wrist center, O. We observe
that the conventional graph contains a bridge and an articulation point. Hence, the
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Wrist assembly

FIGURE 9.14
Fanuc robot. (Courtesy of Fanuc Robotics North America, Inc., Rochester Hills,
ML)

mechanism is a fractionated three-dof spherical mechanism. Unlike the Bendix wrist,
the twist angles between the three joint axes are no longer equal to 90 degrees. One
advantage of using this arrangement is that it allows unlimited rotations of the links
about the three joint axes. This is, perhaps, the simplest design among all three-dof
geared wrist mechanisms.

In general, the joint axes of a wrist mechanism do not have to intersect at a common
point. Further, the twist angles between adjacent joint axes are not necessarily equal
to 90 degrees. Figure 9.17 shows a Fanuc wrist for which the three joint axes do not
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(a) Functional schematic of the Bendix wrist

(b) Graph representation (c) Pseudo isomorphic graph

FIGURE 9.15
Bendix wrist mechanism and its graph representations.

intersect at a point. In this section we concentrate on spherical wrist mechanisms.
Nonspherical wrist mechanisms can be constructed in a similar manner.

A wrist is said to be a simple wrist if the twist angles are all equal to 90 degrees,
and an oblique wrist if any of the twist angles is not equal to 90 degrees. A joint
axis is called a roll axis if its rotation angle is mechanically unlimited, otherwise it
is called a bend axis. In this regard, the Bendix wrist is a simple roll-bend-roll wrist,
whereas the Cincinnati Milacron wrist is an oblique three-roll wrist.

In summary, a good wrist design should possess the following functional require-
ments:

F1. Three degrees of freedom.

F2. Spherical motion characteristics.
F3. Remote actuation capability.

F4. Large rotational workspace.

F5. Compact size, light weight, and mechanically stiff.
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(b) Graph representation (c) Canonical graph representation

FIGURE 9.16
Cincinnati Milacron wrist mechanism and its graph representations.

9.3.2 Structural Characteristics

In the preceding chapter it was shown that the graph of a geared mechanism can
be reconfigured into a canonical form, and that removal of all geared edges from the
graph results in a tree. The tree represents an open-loop kinematic chain that is made
up of links connected together by revolute joints. For wrist mechanisms, we call
the serial chain, which corresponds to the thin-edged path emanating from the root
and terminating at the end-effector vertex, the equivalent open-loop chain [20]. For
example, Figure 9.18 demonstrates the equivalent open-loop chain of the Cincinnati
Milacron wrist shown in Figure 9.16. For a wrist mechanism to possess three degrees
of freedom, the open-loop chain should contain three moving links connected in series
to a base link by revolute joints.

From the above discussion, we summarize the structural characteristics of robotic
wrists as follows:
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FIGURE 9.17
Fanuc wrist. (Courtesy of Fanuc Robotics North America, Inc., Rochester Hills,
ML)

C1. Most wrist mechanisms are fractionated three-dof geared mechanisms; that is,
they are made up of a two-dof gear train in series with a base link.

C2. There are at least three coaxial members that serve as the input links to permit
remote actuation of the wrist.

C3. When all gear meshes are removed, the resulting mechanism contains a three-
dof open-loop chain. The joint axes of the open-loop chain preferably intersect
at a common point.

In terms of a graph, the conventional graph of a three-dof wrist mechanism contains
a bridge. One side of the bridge is a base link, whereas the other side represents a
nonfractionated two-dof EGT. The graph of such a two-dof EGT contains at least
three vertices that are connected by thin edges of the same label. These vertices
are the potential candidates for use as coaxial input links. Starting from one of the
coaxial vertices, there exists a thin-edged path having at least three edge levels. In the
canonical graph representation, the vertices can be divided into four levels, including
the root, and there are at least three vertices located at the first level.
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FIGURE 9.18
Equivalent open-loop chain.

9.3.3 Enumeration of Three-dof Wrist Mechanisms

Using the structural characteristics described in the preceding section, a system-
atic methodology can be developed for enumeration of wrist mechanisms. Since an
atlas of EGTs having up to three degrees of freedom has already been developed, a
straightforward approach can be developed as follows.

First, nonfractionated two-dof EGTs that satisfy structural characteristic C2 are
identified. Then, a base link is added to these gear trains to form fractionated three-
dof mechanisms, satisfying structural characteristics C1 and C3. Finally, the result-
ing mechanisms are qualitatively evaluated against the remaining functional require-
ments. Lin and Tsai [11] used this approach to enumerate a class of three-dof wrist
mechanisms having up to eight links. Wrist mechanisms of higher complexity have
also been studied.

A wrist mechanism is called a basic mechanism if rotations of the input links are
transmitted to the joints by gears mounted only on the three axes of rotation of the
equivalent open-loop chain. It is called a derived mechanism if additional idler gears
are used to transmit the motion. Figure 9.19 shows an atlas of five basic three-dof
spherical wrist mechanisms having seven, eight, and nine links. Figure 9.20 shows
three wrist mechanisms derived from the seven-link wrist shown in Figure 9.19. In
all mechanisms, link 1 denotes the base link and link 4 represents the end-effector.
Links 2, 5, and 6 are the coaxial input links for all mechanisms except for that shown
in Figures 9.19c through e for which links 5, 6, and 7 are the input links. Other choices
of input links will either lead to a redundant link or render a nonfunctional mechanism.
The base link is to be attached to the forearm of a manipulator. Although the canonical
graph of Figure 9.19¢ is not planar, it can be reconfigured into a pseudoisomorphic
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FIGURE 9.19
Basic three-dof wrist mechanisms having up to nine links.
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FIGURE 9.20
Eight-link wrist mechanisms derived from the seven-link basic wrist.

planar graph. Obviously, many more wrist mechanisms can be derived from the five
basic mechanisms shown in Figure 9.19 by adding idler gears.

Note that all the mechanisms shown in Figures 9.19 and 9.20 are sketched in a roll-
bend-roll spherical wrist configuration. These mechanisms can also be configured
into oblique three-roll wrists. Except for the twist angles, the Cincinnati Milacron
and Bendix wrists correspond to the basic wrists shown in Figures 9.19a and b,
respectively, and the PUMA wrist belongs to the derived wrist shown in Figure 9.20a.
The advantages of using one mechanism configuration as opposed to the others have
yet to be explored from the kinematics and dynamics points of view.

We note that it is entirely possible for a three-dof wrist mechanism to be made up of
more than three joint axes in the equivalent open-loop chain. For such a mechanism
to function as a three-dof wrist, the joint angles in the open-loop chain must be me-
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chanically constrained. Hence, the joint motions are no longer independent [19]. For
example, Figure 9.21 shows a wrist mechanism with four joint axes, where rotations
of the end-effector about the third and fourth joint axes are coupled by a gear pair
attached to links 3 and 4.

d 4
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5
\\

a ‘ c
RVE
1 )’ 7N 3
N o
b
(a) Canonical graph representation (b) Functional schematic

FIGURE 9.21
A three-dof wrist with four articulation points.

9.4 Summary

Parallel manipulators were classified into planar, spherical, and spatial mecha-
nisms. The structural characteristics associated with parallel manipulators were
identified and employed for the enumeration of the kinematic structures of paral-
lel manipulators. Note that we have limited ourselves to those manipulators with
the number of limbs equal to the number of degrees of freedom and with each limb
being made up of an open-loop chain. Obviously, if these limitations are removed,
the number of feasible solutions will grow exponentially.

It is conceivable for a parallel manipulator to have fewer number of limbs than
the number of degrees of freedom. For such a manipulator, more than one actuator
will be needed for each limb. For example, Tahmasebi and Tsai [18, 25] developed
a six-dof parallel manipulator with three supporting limbs as shown in Figure 9.22,
where each limb connects the moving platform to a planar bidirectional motor by a
revolute joint at the upper end and a spherical joint at the lower end. The limbs are
not extensible. The planar motor can move freely on a plane in any direction.

Itis also conceivable to construct a parallel manipulator with more number of limbs
than the number of degrees of freedom. In this case, the connectivity of some of the
limbs should be equal to the motion parameter, X, such that they do not impose any
constraint on the moving platform. Figure 9.23 shows a three-dof manipulator with
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A six-dof parallel manipulator with three supporting limbs.
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FIGURE 9.23
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six limbs. The three UPU limbs, Ay By, A4 B4, and Ag Bg, provide three constraints
to the moving platform, whereas the prismatic joints in the three SPS limbs, A By,
A3 B3, and AsBs, are driven by three linear actuators. This arrangement has the
advantage of separating the function of constraint from that of actuation.

Finally, the structural characteristics of geared robotic wrist mechanisms were
investigated from which an atlas of three-dof wrist mechanisms was developed.
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Exercises

9.1

9.2

9.3

9.4

9.5

9.6

Enumerate all feasible parallel three-dof spatial manipulators with the connec-
tivity listing of (6,6,3), assuming that each limb is made of two links. Sketch
the mechanism schematics and their corresponding graphs.

Enumerate all feasible parallel three-dof spatial manipulators with the connec-
tivity listing of (6,5,4), assuming that each limb is made of two links. Sketch
the mechanism schematics and their corresponding graphs.

Enumerate feasible three-dof parallel manipulators having four supporting
limbs.

Enumerate all feasible parallel six-dof spatial manipulators with three limbs,
assuming that each limb is made of three links. Sketch the mechanism schemat-
ics and their corresponding graphs. Discuss possible ways of assigning the
actuated joints.

Study the structural characteristics associated with the bevel-gear differential
shown in Figure 7.2. Enumerate alternative feasible seven-link differential
mechanisms.

Enumerate all feasible three-dof geared spherical mechanisms having eight
links.
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Appendix A

Solving m Linear Equations in n Unknowns

In this appendix, we develop a procedure for solving a system of m linear equations
in n variables subject to a constraint that all the variables are nonnegative integers.
We first discuss a method for solving one equation in n unknowns. Then, we extend
the method to solving a system of m equations in # unknowns.

A.1 Solving One Equation in » Unknowns

Consider the following linear equation:

c1xy+caxp +c3x3 + -+ opxy =k, (A.1)

where x;s are the variables and ¢;s are the coefficients. The ¢;s are nonnegative
integers and k is a positive integer. We wish to solve for x;, fori = 1,2,...,n
subject to a constraint that all x;s must be nonnegative integers. In addition, the
following constraint may be imposed:

X; < g; (constant) . (A.2)

Since there are n unknowns in one equation, we may choose n — 1 number of
unknowns arbitrarily and solve Equation (A.1) for the remaining unknown, provided
that all the solutions are nonnegative integers. This can be accomplished by a com-
puter program using a nested-do loops algorithm to vary the value of each x; and
check for the validity of the solutions. A more rigorous procedure for solving one
linear equation in two unknowns can be found in [1].
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Table A.1 A Nested-do Loops Algorithm for Solving One Linear
Equation in n Unknowns.
FOR I1 =0 TO g

x() =1
FOR I, =0TO ¢>
x2)=1
FOR I3 =0 TO g3
x3)=15
FOR I,,_1 =0TO g,—1
x(n—1)=1,_
x(n)=(k—-—c()xx(1)—...
—c(n —1)xx(n —1))/c(n).
IF x(n) < 0, DISCARD THE SOLUTION.
IF x(n) > 0, SAVE THE SOLUTION.
NEXT I,,_;
NEXT I3
NEXT I,
NEXT I;

A.2 Solving m Equations in » Unknowns

Next, we consider a system of m linear equations in » unknowns:

c11xXy +cppx2 4t cixn = ki,

c1x1 +cnx2+ -t owxy = ka2,
(A3)

CmiX1 +cmaxo+ -+ CmnXn = km,

where the coefficients c;;s are nonnegative integers, the constants k;s are positive
integers, and n > m. Furthermore, the solutions to the system of equations are
subject to a constraint that all the variables x;, fori = 1, 2, ..., n, mustbe nonnegative
integers. Writing Equation (A.3) in matrix form yields

Cx=0, (A.4)
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where
cln ¢z €13 ... cip —ki
21 ¢ 3 ... ¢ —k
Cc = ,
Cml Cm2 Cn3 ... Cmn —km
X = [x]ax27""xn’1]T .

Applying Gauss elimination, Equation (A.4) can be reduced to an upper triangular
form:

Gx=0, (A.5)
where
811 812 813 ... oo 8ln D1
0 g2 g3 ... ... &u D2
G = . . .
0 0 : .. : :
0 0 O gum --- &un Pm

The last row in Equation (A.5) contains n — m + 1 unknowns which can be solved
by the procedure outlined in the preceding section. Once x,,, .. ., x,, are known, the
remaining unknowns are found by back substitution.

Example A.1 We wish to solve the following two equations for all possible nonneg-
ative integers of x;s

X1+x2+x3 = 6, (A.6)
2x1+3x2 +4x3 = 16. (A7)

Subtracting Equation (A.6)x2 from Equation (A.7), we obtain
Xy +2x3=4. (A.8)

Equation (A.8) contains two unknowns. Since both 2x3 and 4 are even numbers, x»
must be an even number. Let x; assume the values of 0, 2, and 4, one at a time, and
solve Equation (A.8) for x3. Once x3 is found, we solve Equation (A.6) for x;. Asa
result, we obtain the three solutions:

Solution x; Xx2 X3

1 4 0 2
2 32 1
3 2 4 0
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Appendix B

Atlas of Contracted Graphs

This appendix provides an atlas of contracted graphs having two to four independent
loops.

Table B.1 Contracted Graphs Having Two to Four Independent Loops.

23-1 24-1 35-1 46-1
46-2 25-1 36-1 36-2
47-1 47-2 473 47-4
47-5 58-1 58-2 58-3
69-1 69-2 69-3
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Appendix C

Atlas of Graphs of Kinematic Chains

This appendix provides an atlas of graphs of kinematic chains having up to three
independent loops and eight links.

Table C.1 Graphs Having One Independent Loop: Three to Eight Vertices.

oL
AL

’
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Table C.2 Graphs Having Two Independent Loops: Four to Eight Vertices.

]
&
IZI

4,5 5,6 (a) 5, 6 (b)

(2
<
L

6,7 (a) 6,7 (b) 6,7 (c)

e
(2
=

7,8 (a) 7,8 (b) 7,8(c) 7,8 (d)

(4
&
&

8,9 (a) 8,9 (b) 8, 9 (c)

=
>
&

8,9 (d) 8,9 (e) 8,9 (f)
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Table C.3 Graphs Having Three Independent Loops: Five to Six Vertices.

7 N M

5,7 (a) 5,7 (b) 5,7 (c)
6, 8 (a) 6,8 (b) 6,8 (c)
6, 8 (d) 6,8 (e) 6,8 (f)

6, 8 (h) 6, 8 (i)
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Table C.4 Graphs Having Three Independent Loops: Seven Vertices.

Z
Z
r
o

7,9 (a) 7,9 (b) 7,9(c) 7,9 (d)

<
9,
&
&

7,9 (e) 7,9 (f) 7,9(9) 7,9 (h)

<2
=
2
&7

7,9 (i) 7,9 () 7,9 (k) 7,9()

2
9
o
2

7,9 (m) 7,9 (n) 7,9 (0) 7,9 (p)

=
v
>
Ko

7,9(q) 7,9(r) 7,9 (s) 7,9 (b)
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Table C.5 Graphs Having Three Independent Loops: Eight Vertices — Part 1.

2
Z
{7
{
=

8,10 (a) 8,10 (b) 8,10 (c) 8,10 (d) 8,10 (e)

&
2,
&
{2
{2

8, 10 (f) 8,10 (g) 8, 10 (h) 8, 10 (i) 8,10 (j)

&
=
(7
=
&

8, 10, (k) 8,10 (l) 8,10 (m) 8,10 (n) 8, 10(0)

o
&
>
&,
e,

8,10 (p) 8,10 (q) 8,10 (r) 8,10 (s) 8,10 ()

&
&=
L
2
o,

8,10 (u) 8,10 (v) 8,10 (w) 8,10 (x) 8,10 (y)

£

8,10 (2)
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Table C.6 Graphs Having Three Independent Loops: Eight Vertices — Part 2.

HROICES:

8,10 (a) 8,10 (b) 8, 10 (c) 8,10 (d)
8,10 (e) 8, 10 (f) 8,10 (9) 8,10 (h)
8, 10 (i) 8, 10 (j) 8, 10 (k) 8, 10 ()

8, 10 (m) 8,10 (n) 8,10 (o)




Appendix D

Atlas of Planar Bar Linkages

This appendix provides an atlas of planar linkages classified according to the number
of degrees of freedom, the number of independent loops, the vertex degree listings,
and the corresponding contract graphs.

Table D.1 Planar One-dof Four-Bar Linkage.

No.of  Vertex Contracted Conventional Kinematic
Loops  Degree Graph Graph Chain
1 4000 Not
applicable
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Table D.2 Planar One-dof Six-Bar Linkages.

No. of Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain

QRO
& [

Table D.3 Planar One-dof Eight-Bar Linkages: Part 1.

No.of  Vertex Contracted Conventional Kinematic
Loops  Degree Graph Graph Chain

2 4200

3 4400

i




APPENDIX D 263

Table D.4 Planar One-dof Eight-Bar Linkages: Part 2.

No.of  Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain

3 4400
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Table D.S Planar One-dof Eight-Bar Linkages: Part 3.

No. of Vertex Contracted Conventional Kinematic
Loops  Degree Graph Graph Chain

3 5210
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Table D.6 Planar One-dof Eight-Bar Linkages: Part 4.

No. of Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain

-
D &)

Table D.7 Planar Two-dof Five-Bar Linkage.

No. of Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain

1 5000 Not applicable
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Table D.8 Planar Two-dof Seven-Bar Linkages.

No. of Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain

2 5200

L& 0
HE
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Table D.9 Planar Two-dof Nine-Bar Linkages: Part 1.

No. of Vertex Contracted Conventional Kinematic
Loops  Degree Graph Graph Chain

3 5400

XX
Q)

Voiss i le i,
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Table D.10 Planar Two-dof Nine-Bar Linkages: Part 2.

No. of Vertex Contracted Conventional Kinematic
Loops  Degree Graph Graph Chain

3 5400

e L e




APPENDIX D 269

Table D.11 Planar Two-dof Nine-Bar Linkages: Part 3.

No. of Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain
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Table D.12 Planar Two-dof Nine-Bar Linkages: Part 4.

No. of Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain

3 6210

Lo 00a0a
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Table D.13 Planar Two-dof Nine-Bar Linkages: Part 5.

No. of Vertex Contracted Conventional Kinematic
Loops  Degree Graph Graph Chain

3 6210

T
AU
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Table D.14 Planar Two-dof Nine-Bar Linkages: Part 6.

No. of Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain

3 7020

B
S3us
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Table D.15 Planar Three-dof Linkages: One and Two Independent Loops.

No. of Vertex Contracted Conventional Kinematic
Loops Degree Graph Graph Chain

1 6000 None

2 6200

SIEIELISIS N,
MARBBRIC
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Appendix E

Atlas of Spatial One-dof Kinematic Chains

This appendix provides an atlas of spatial one-dof, single-loop kinematic chains
having four to seven links.
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Table E.1 Spatial One-dof Four-Link Chains.

C
¢—9¢ oo oo o "o
R R R cC P c R P
[ I ] e—©O [ M @ O
S S S S
H c R H P C P P
S S S S
P C H C
H c P H H cC H H
S S S S
C P R C
o—@ o—@ o—9 &——6
R R R C P c R P
._E__‘ [ T e— ® [ M
E E E
H c R H P C P P
‘.__E__. @ © ‘_E_.. [ T
E E
P C H C
E E E E
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Table E.2  Spatial One-dof Five-Link Chains.

R R R R R p R P P AR
R R R P R R R P R P
s S S S s
R R P P R_®( R R_\_R R P
P P R R R R R P R R
S ] E E E
P R R R P P
R P P P R R
E E E
R C R P R c P R
R R R c R P R c
C C c c
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Table E.3 Spatial One-dof Six-Link Chains.

R R R R R R R R
CI::IR CI::IR CCIR c P C@H
R R P R ROP P ®p
R R R P P R R R R P

p @R P @R P@ R R®P

Table E.4 Spatial One-dof Seven-Link Chains.

R R R R R R




Appendix F

Atlas of Epicyclic Gear Trains

This appendix provides an atlas of epicyclic gear trains classified according to the
number of degrees of freedom, the number of independent loops, and the vertex

degree listings. Both labeled graphs and typical functional schematic diagrams are
sketched.
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Table F.1 One-dof Epicyclic Gear Trains: One and Two Independent Loops.

No. of Vertex-degree Conventional Functional
Loops Listing Graph Schematic
1 2
a_L?
b —————
2 3 Is
2
1 4 a .____I_
I 1
2 -
2200-1 a A ) I T
_-I—_’—-[ 3
2 3 c
Ta
]
1 a 4 b 3T 4
a 2I 1
2200-2a I | L
a —
I
2 3
j
4

N
w
j )

T
N
2200-2b a 3T |
j::_-'~
T
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Table F.2 One-dof Epicyclic Gear Trains: Three Independent Loops — Part 1.

No. of Vertex-degree
Loops Listing

Functional
Schematic

3 1400

2210-1

2210-2a

2210-2b

2

Ta
-
3T 4
T (1

2T | 7L
==

CSI ‘

- L

_Ti{d
stli,

| T
L1

I
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Table F.3 One-dof Epicyclic Gear Trains: Three Independent Loops — Part 2

H
:]EHl—j +—H—:'

2210-3d

w

H|Hﬂ|D

o

No. of Vertex-degree Conventional Functional
Loops Listing Graph Schematic
L= ]
3T 51, |4
b
I T
3 2210-3a I2 T .
T I
j
_L_‘
4
2210-3b )
I 1
T
= c
Is
j
4]
c
2210-3c 3T.T l
A 1
2T a

N

o
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Table F.4 One-dof Epicyclic Gear Trains: Three Independent Loops — Part

3.
No. of Vertex-degree Conventional Functional
Loops Listing Graph Schematic
1 T
a
a 1 1
3 20-1 T
3020-1a 2 5 b
e c_L LJs
3 5T T4
T2
1 --——-—I_ a
a 1 T )
3020-1b 2 5 L
4
d [ 21
d=_T I3
3 I 5
1 L3
p =T ] 4
a a L1
3020-2a s  alE Ll
2 T Ts
3 T |
c
a ¢ q 3 —:I._:
3020-2b T2 1
2 5 1 °
I T a
2T T4
3
TIs
d
1 aT T
a d ¢
3020-2¢ 3L
2 5 | — p
L a ’
3 I
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Table F.6 One-dof Epicyclic Gear Trains: Four Independent Loops — Part 2.

A\

6205-2 6206-1

e e

6301-3 6301-4
e C
b d b d

a c a c
6303-1 6303-2
a
a a
e € e
6305-1 6305-2 6305-3

AAS S

6305-4 6305-5 6306-1 6306-2
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Table F.7 One-dof Epicyclic Gear Trains: Four Independent Loops — Part 3.

< 4

6401-2 6401-3 6401-4
‘ a ‘d a ‘ d a ‘ d
6401-5 6401-6 6401-7 6401-8
6401-10 6401-11 6402-1
a \, N N AN
" NS N7
6402-2 6403-1 6403-2 6404-1

% 4

6404-2 6501-1 6501-2 6502-1
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Table F.9 Two-dof Epicyclic Gear Trains: Three Independent Loops.

No. Graph Functional Schematic
a o2
T
T T |Ts,
1
J L 1 T
Is Te
1 s
T2
a T __3
T T )
2 41 Ts 1
I ;
— d
Iz
11 a__
Is
8 4

o

H
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Table F.10 Three-dof Epicyclic Gear Trains.

S SN AR

(1) (2)

b b

5

(5) (6) (7) (8)
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Appendix G

Atlas of Epicyclic Gear Transmission
Mechanisms

This appendix provides the schematic diagrams and clutching sequences of some
commonly used epicyclic transmission gear trains.
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L
‘J’1 T_L Output

a - - - - - - > ,
(a) Schematic diagram
Range Ci | C2 B4 B2 B3
Drive 1 X X
Drive 2 X X
Drive 3 X X
Drive 4 X X
Reverse X X
(b) Clutching sequence
FIGURE G.1

Type 6206 transmission mechanism: version 1.
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(a) Schematic diagram

Range C1 C2 Cs B1 Bo

Drive 1 X X

Drive 2 X X

Drive 3 X X

Drive 4 X X

Reverse X X

(b) Clutching sequence

FIGURE G.2
Type 6206 transmission mechanism: version 2.
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B2 B1 4
Cs L5 ey 6 [
| LIJI C1 _l—_-l_———I C2
L Ts| M
1 T |°
Input 2—|_ Output
a — " ——— 2
(a) Schematic diagram
Range C1 Cz2 Cs B1 B2
Drive 1 X X
Drive 2 X X
Drive 3 X X
Drive 4 X X
Reverse X X
(b) Clutching sequence
FIGURE G.3

Type 6401 transmission mechanism (Ravigneaux): version 1.
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B2 B+
Co &4 B4 6 4
il L
1
S I P
Is
1 L
Input 2—|- Output
a - - —= = - p _— = _
(a) Schematic diagram
Range C1 | C2 | By B2
Drive 1 X X
Drive 2 X X
Drive 3 X X
Reverse X X
(b) Clutching sequence
FIGURE G4

Type 6401 transmission mechanism (Ravigneaux): version 2.
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B2 . B
Co P
i —
m sT |2
G|+ T
T T 1 I
Input b;j Output
a_____...___..._______________>_ a
(a) Schematic diagram
Range Cq C2 | By B2
Drive 1 X X
Drive 2 X X
Drive 3 X X
Reverse X X
(b) Clutching sequence
FIGURE G.5

Type 6506 transmission mechanism (Simpson): version 1.
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(a) Schematic diagram

Range Ci | Co B1 B2 | Bs
Drive 1 X X

Drive 2 X X

Drive 3 X X

Drive 4 X X
Reverse X X

(b) Clutching sequence

FIGURE G.6
Type 6506 transmission mechanism (Simpson): version 2.
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B2 Output
Ca ? C
il N

(a) Schematic diagram

Range C1 Co B1 B2 B3

Drive 1 X X
Drive 2 X X
Drive 3 X X

Drive 4 X X

Reverse X X

(b) Clutching sequence

FIGURE G.7
Type 6601 transmission mechanism.
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Bs Bo B
Co &4 & \ 5
Iyl C 1L | =
Ts|Te|| T2 |7
WL L 1T
Input — 3 4 —|— Output
a—¥» - _— . T —/—®™ g,

(a) Schematic diagram

Range Cq Co B4 Bo B3

Drive 1 X X

Drive 2 X X

Drive 3 X X
Drive 4 X X
Reverse X X

(b) Clutching sequence

FIGURE G.8
Type 8001 transmission mechanism.
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| Output
i -
q —F-—-—-————— - —— - — - ——-—a
(a) Schematic diagram
Range Ci | C2 B4 B2 B3
Drive 1 X X
Drive 2 X X
Drive 3 X X
Drive 4 X X
Reverse X X
(b) Clutching sequence
FIGURE G.9

Type 8002 transmission mechanism.
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B1
) B2 Cq
Cs n

I | L1
L Co : L6 |7
T T

4_’— 1 Output

s
L
Input _1]_
>

a— > —————— — >,
(a) Schematic diagram
Activated clutches
Range
C1 Co Cs B B>
Drive 1 X X
Drive 2 X X
Drive 3 X X
Drive 4 X X
Reverse X X
(b) Clutching sequence
FIGURE G.10

Transmission mechanism consisting of two type-4200 gear trains: version 1.



302 ATLAS OF EPICYCLIC GEAR TRANSMISSION MECHANISMS

(a) Schematic diagram

Range Activated clutches
C1 C2 Cs3 B1 B2 B3

Drive 1 X X

Drive 2 X X

Drive 3 X X

Drive 4 X X

Reverse X X
(b) Clutching sequence
FIGURE G.11

Transmission mechanism consisting of two type-4200 gear trains: version 2.
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B B2 B
EE49 Co £ °
C il l|lI|J_ 2
I Is Les 4
T T|| TV
Input —|—7— I 3 _—I_ _1_ Output
a
(a) Schematic diagram
Activated clutches
Range
C1q Co B4 B2 Bs
Drive 1 X
Drive 2 X
Drive 3 X X
Drive 4 X
Reverse X X
(b) Clutching sequence
FIGURE G.12

Transmission mechanism consisting of type-4200 and type-6503 gear
trains: version 1.
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B4 Bs B2
Ca 44 [ 554
ML [ o =2 =
I _m__lJ._ Is 15
T T T |+
7 T2 3
Input Output >
Py g ———————— e ——
(a) Schematic diagram
Activated clutches
Range
C1 Co B4 Bo Bs
Drive 1 X X
Drive 2 X X
Drive 3
Drive 4 X
Reverse X X
(b) Clutching sequence
FIGURE G.13

Transmission mechanism consisting of type-4200 and type-6503 gear

trains: version 2.
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Output
a_—_—_————.——-———————_—-_—_—_—_—_—_.
(a) Schematic diagram
Activated clutches
Range
Cq Co B4 B2 B3
Drive 1 X X
Drive 2 X X
Drive 3
Drive 4 X
Reverse X X
(b) Clutching sequence
FIGURE G.14

305

Transmission mechanism consisting of type-4200 and type-6206 gear

trains: version 1.



306 ATLAS OF EPICYCLIC GEAR TRANSMISSION MECHANISMS

B3 B2
B1 74
C2 P _L2
T 8 1 ¢, |L 3
19 ] Is Ls
14
Input —I_ 7 -|_1 Output
| o
q —-r—_——-——_————_——— - - - — - — - — -——— S —— 2
(a) Schematic diagram
Activated clutches
Range
C1 Co B4 B2 B3
Drive 1 X
Drive 2 X
Drive 3 X X
Drive 4 X
Reverse X X
(b) Clutching sequence
FIGURE G.15

Transmission mechanism consisting of type-4200 and type-6206 gear
trains: version 2.
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adjacency matrix, 32, 57, 102

adjacent, 21, 22

arcs, 28, 38, 45, 209, 211

arm, 145, 149, 231

articulation point(s), 23, 65, 101, 115, 204,
235

automatic transmission(s), 145, 171, 179,
189, 192, 193, 195, 199, 208,
217

automorphic graph(s), 81

automorphism(s), 81, 83

axial configuration, 180

ball type, 186

band clutch(es), 190, 191, 194
base, 9, 23, 135, 204, 222
basic mechanism, 240, 242
bend axis, 237

bend-shaft coupling, 185, 186
Bendix, 234, 237, 242

binary joint(s), 8, 47, 161
binary link chain(s), 76, 77
binary link(s), 8, 51

binary string(s), 38, 39, 89, 91
bipartite, 24

block, 23

branch(es), 78, 79, 107-111
bridge(s), 23, 65, 101, 115, 235

cam, 7, 11

cam mechanism(s), 133, 134

cam pair, 6-8

canonical graph(s), 161, 199-204, 207-
215, 235,238-243

Cardan joint, 7

carrier(s), 50, 130, 145, 149

chord(s), 28, 38, 45, 209, 212
Cincinnati Milacron, 235, 238, 242
circuit matrix, 35, 38, 57

circuit(s), 22, 26, 147, 148, 155
closed-loop chain(s), 9, 72

closed-loop mechanism(s), 115
clutch-to-clutch shift, 195, 197
clutching sequence, 192, 194, 202, 203
complete bipartite, 24, 26

complete graph, 24, 26

component(s), 22, 23

conceptual design phase, 1, 2
connected graph(s), 22

connectivity, 223

connectivity listing(s), 228, 229
contracted graph(s), 38—40, 102-107, 253
contraction, 39, 102

countershaft transmission, 193, 196, 216
Crossley’s operator, 75, 76, 108
customer’s requirements, 1, 2

cut point(s), 23

cycle, 22, 81, 84

cylindric joint, 5

decodability, 85, 89

degree code, 90, 91

degree of a vertex, 21

degrees of freedom, 3, 65-69

derived mechanism, 240

design process, 1, 12

differential, 14, 148, 189, 191, 197

differential gear train(s), 145, 148, 164,
171
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dimensional synthesis, 2, 3, 12, 179, 181,
228

direct drive, 195, 197

directed graph, 23, 24, 210

dof, 3

dual graph, 4042

edge-induced, 83, 85

edge(s), 21-34, 79

efficiency, 85, 158, 179

EGM, 197-198, 201-203, 209, 212-214

EGT(s), 145, 147-153,158-161, 163-165,
197-199, 209

eight-bar linkage(s), 124, 127, 262-265

element(s), 81, 82

embedded, 26, 27

end point(s), 21, 23, 203

end-effector, 136, 226,227,231, 235,237,
240, 243

epicyclic gear train(s), 145, 146, 162-165,
193, 279-289

epicyclic gear transmission, 192, 194, 215,
291

epicyclic gear type, 192, 194

equivalent, 115, 138

equivalent open-loop chain, 238, 240, 242

Euler’s equation, 30, 36, 72

evaluator, 3, 181, 224

expansion, 39, 102, 107, 112

external loop, 27, 28, 121, 125

family, 75, 107, 202, 205

Fanuc Robot, 236

Fanuc wrist, 239

feasible mechanisms, 2, 3, 179, 181

feasible solutions, 1, 101

final reduction unit, 189, 190, 197

first level vertex(ices), 200, 202, 203, 205

five-bar linkage(s), 124, 265

five-link chain(s), 277

fixed link, 9, 23

four-bar linkage(s), 13, 118, 119, 261

four-link chain(s), 276

fractionated mechanism, 101, 148

functional requirements, 1, 179-182, 184,
194-195, 222, 224, 234, 237

functional schematic, 48

INDEX

fundamental circuit equation(s), 167-169
fundamental circuit(s), 28, 36, 149, 151,
167, 209

gear-cam mechanism, 116

gear pair, 6, 52, 57

gear train(s), 129, 145

geared edge(s), 147, 149, 207

geared mechanism(s), 116, 129, 130, 133

General Motors, 185, 191, 193-195

generator, 3, 224

genetic graph, 158

Giddings and Lewis, 9, 10, 222

graph, 2, 21

graph automorphism(s), 90

graph isomorphism(s), 25, 32, 34, 103,
107, 207

graph representation, 52

graph theory, 2, 3, 21

graph(s), 255-260

ground level vertex, 200

group, 81-85

group of automorphism(s), 81, 83-85, 90

group operation, 82

Griibler criterion, 67, 69

helical joint, 5, 6
Hexaglide, 222

Hexam, 225

Hexapod, 224

higher pair(s), 5, 7, 8, 185
hinge, 5

homeomorphic, 28
homokinetic plane, 185, 186
Hooke joint, 7, 12
Humpage reduction gear, 61
hybrid kinematic chain, 9

identity permutation, 81, 89

in-line configuration, 180

incidence matrix, 33, 34, 57, 58, 210
independent loops, 28, 30, 67
inverse(s), 82, 83

isolated vertex, 21

isomorphic, 16, 25, 79

isomorphic graphs, 25, 81
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joint(s), 2, 3, 5

kind, 138, 205

kinematic analysis, 11, 53, 165, 228
kinematic chain(s), 9, 15

kinematic inversion, 15, 16, 118, 129, 130
kinematic pair(s), 5, 6, 8, 51

kinematic structure(s), 2, 11, 43, 47, 81
kinematic synthesis, 11

Kuratowski’s theorem, 28

Kutzbach criterion, 67

labeled graph(s), 32, 83, 162, 199
law of gearing, 6

layshaft transmission, 193

length, 22, 32, 76, 78, 81, 159
letter(s), 57, 149

level(s), 149, 151, 200, 239

link(s), 3, 4, 51, 52

link assortment(s), 52, 54, 74, 75, 107
linkage type, 186

linkage(s), 11, 116-128, 261-273
loop mobility criterion, 53, 71, 72, 115
loop(s), 26-30, 66, 67, 71-72

lower pair(s), 5, 7, 8,92, 116

machine(s), 9, 10

major links, 231

manual transmissions, 189
Mathematica, 87

Matlab, 87

Matrix-Tree Theorem, 35
MAX code, 89, 90, 92, 94
mechanism(s), 2, 9, 10
member(s), 4, 5

MIN code, 90, 94

minor links, 231

modulo 2, 29, 36, 37
motion parameter, 67
multigraph, 23

multiple joint(s), 8, 161

nested-do loops, 75, 78, 103, 249, 250
nine-bar linkage(s), 126, 267-272
number synthesis, 11

numeral(s), 57
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object(s), 81

objects, 103, 118

oblique wrist, 237

one-dof epicyclic gear train(s), 280-287
one-way clutch(es), 191, 195
open-loop chain, 9, 71, 222

optimum code, 89-91

ordinary gear train(s), 129, 145
overconstrained mechanisms, 69

OWC, 191

pair element(s), 5

parallel edges, 23, 39-41

parallel kinematics machine(s), 126, 141,
222

parallel manipulator(s), 128, 141,221,222,
225,230

parent bar linkage, 159, 161

passive degrees of freedom, 68

path, 22, 26

path matrix, 36, 57, 213

peripheral loop, 27, 112

permutation group, 81, 82

PGT(s), 145

physical embodiment, 1

pin-in-slot, 116

pin joint, 5

plain vertices, 51

planar graph, 26-30, 41

planar linkage(s), 12, 116

planar mechanism(s), 12, 15

planar motion, 12

planar three-dof linkages, 126, 128, 273

planar two-dof linkages, 124, 125

plane pair, 5

planet gears, 145, 200

planetary gear train(s), 129, 145

Polak’s transmission mechanism, 216

prismatic joint, 5

product design phase, 1

pseudoisomorphic graphs, 161

pseudoisomorphic mechanisms, 161

pseudoisomorphisms, 161

PUMA wrist, 242

quaternary link, 8, 51, 74
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ratio range, 195

Ravigneaux, 294, 295

Ravigneaux gear set, 199, 203

reduced incidence matrix, 35, 37,211,212
redundant link, 148, 197, 198, 202, 240
redundant paths, 47

revolute joint, 5

ring gear, 145

roll axis, 237

roll-bend-roll wrist, 237

root, 23, 161, 199

rooted graph, 23, 38

rotary configuration, 180

rotating clutch(es), 190, 191, 193

Sandia Laboratories, 182

screw pair, 5

second level vertex(ices), 200, 203

self-loop, 23

seven-bar linkage(s), 125, 266

seven-link chain(s), 278

shaft coupling(s), 140, 179, 184, 186, 188

shaper mechanism, 121, 123

similar edges, 85, 107, 108, 110

similar vertices, 84, 205

simple graph, 23, 41

simple wrist, 237

Simpson, 296, 297

Simpson gear set, 145, 199, 202, 204, 209,
215

six-bar linkage(s), 121, 127, 262

six-link chain(s), 278

sliding pair, 5

sling, 23

solid vertices, 51

South Pointing Chariot, 145

spanning tree(s), 28, 29, 35, 36, 150, 209,
214

spatial mechanism(s), 12, 15, 136

spatial motion, 15

spatial parallel manipulator(s), 228

speed ratio(s), 191, 194

spherical center, 12, 135, 227

spherical four-bar linkage(s), 14

spherical joint, 5

spherical mechanism(s), 12, 15, 135, 236

spherical motion, 12

spherical parallel manipulator(s), 135, 227

INDEX

step ratio, 195

Stephenson, 73, 83, 89, 121, 181
stereographic projection, 27
Stewart-Gough manipulator, 10, 221
structural analysis, 59, 65

structural isomorphism, 57, 58, 79, 81, 85
structural representation, 47, 51
structure synthesis, 3, 11
subgraph(s), 22, 23

sun gear, 145

swash-plate, 15, 70, 180

terminal edges, 149, 157

ternary link(s), 8, 74, 75

theory of fundamental circuits, 53, 165,
172

thick edge(s), 52, 147

thin edge(s), 52, 147

THM-440, 191

three-dof epicyclic gear train(s), 289

three-dof linkage(s), 273

three-roll wrist, 237, 242

top-dead-center, 179, 180

topological analysis, 59

topological synthesis, 11

Toyoda, 222, 225

trail, 22

transfer vertex(ices), 149, 151, 214

translational platform(s), 229, 231-233

transmission mechanism(s), 291-306

tree(s), 26, 27, 151

turning pair, 5, 57, 147

two-dof epicyclic gear train(s), 288

type synthesis, 11

uniqueness, 85
universal joint, 7, 12, 229, 230

variable-stroke engine mechanism(s), 179—
182

vARIAX®, 10

vertex degree listing, 75, 85, 115, 121, 163

vertex-induced, 83

vertex selection, 161, 235

vertex(ices), 21

VS-engine mechanism(s), 181, 183-185
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walk, 22, 33 wrist mechanism(s), 136, 231, 234, 236,
Wankel engine, 181 237,239-242

Watt, 57,99, 121, 123, 181

wobble-plate, 62, 180

wrist, 231
wrist center, 231 Z-crank mechanism, 62, 140
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